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Abstract Understanding wave propagation in subsurface reservoirs is an important topic in exploration
geophysics. Using machine learning (ML), this study aims to develop a hybrid modeling approach that uses data
techniques while maintaining the reliability of poroelasticity theory. Simplified dynamic equations for seismic
propagation in sandstone reservoirs are established in two steps: Biot‐Rayleigh theory is established and then an
optimization algorithm in ML is used to identify a simplified equation and calculate a local fluid flow term,
which is responsible for wave attenuation, and some of the elastic constants and factors such as the volume ratio
of inclusions. The effectiveness of the approach is first tested on synthetic data, and it is shown that almost the
same dispersion and attenuation as the original model can be predicted. Data from experimental and borehole
measurements are then considered. Examples show that with a few data points the wave velocity can be
accurately predicted in different frequency ranges. Although the model has a certain extrapolation capability,
the coverage of training data is still required. Finally, the approach is extended to perform porosity inversion.
The proposed technique can be extended to reservoirs with different lithologies.

Plain Language Summary This study combines the theory of poroelasticity with machine learning
(ML) to create a general model to describe wave propagation in sandstone reservoirs. The original equation is
based on the Biot‐Rayleigh theory, and the unknown factors describing the attenuation and elastic properties of
a simplified equation are determined with a ML algorithm using a small amount of data. In a purely data‐driven
approach, all quantitative relationships are unknown and must be learned from the data. In contrast, in the
proposed approach, only the unknown factors need to be determined as the framework is built by using the
effective poroelasticity theory, which significantly reduces the data set requirements. The established dynamic
equations can be successfully matched with experimental data of tight sandstones. In addition, parameter
inversion can be performed. The effectiveness of the method is verified with synthetic data and borehole data.

1. Introduction
Wave propagation theories are a powerful tool for predicting and understanding the properties of subsurface
rocks. Wave‐induced fluid flow occurs and leads to significant dispersion and attenuation of seismic waves (e.g.,
Borgomano et al., 2019; Carcione et al., 2024; Müller et al., 2010). Improving the model that characterizes this
process is crucial for quantitative seismic interpretation as it contains information about the lithology of the
reservoir and the fluids in the subsurface.

The modeling of wave propagation is usually based on first principles or (semi‐)empirical relationships. Various
hypotheses have to be made and complex derivations carried out. However, it is difficult to guarantee that the
hypotheses apply in all cases. With the advent of machine learning (ML), many researchers (e.g., Li et al., 2023;
Shen et al., 2023; Song et al., 2024; Tsai et al., 2021; Yu & Ma, 2021) have proposed data‐driven equation
discovery, a ML technique that aims to automatically identify mathematical equations from data sets. Shen
et al. (2023) introduced the differentiable programming (DP) approach, which makes the modeling process easier
and faster as some complex patterns can be learned from data. It is pointed out that it is unrealistic to rely solely on
data to create wave propagation models, as both data quantity and data quality may be insufficient.

In this study, it is proposed to set up dynamic equations in conjunction with data. First, the dynamic equations can
be established based on the existing poroelasticity theories. Then, the unknown factors, such as an equation or a
model parameter, are set as trainable parameters or determined by neural networks (NNs) from data. Xiong
et al. (2021a) used Biot theory (1956, 1962) for shale oil reservoirs, where the elastic constants were learned by
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NNs. The attenuation of seismic‐band waves was not considered. Similar studies can be found in Xiong &
Yong (2022) and Fang et al. (2024).

This study focuses on tight sandstone reservoirs where the geometry of the rocks is complex and generally ex-
hibits heterogeneity (e.g., David & Zimmerman, 2012; Guo et al., 2019; Li et al., 2020; Osorio et al., 2025; Smith
et al., 2009; Viswanathan et al., 2022). Theories of double porosity are used to describe the medium and wave
propagation. Berryman & Wang (2000) derived dynamic equations but did not consider local flow effects on
seismic waves. Later, Pride & Berryman (2003a, 2003b) extended the model to double porosity and double
permeability (DPDP) to describe local flows. The DPDP model yields the effective Biot model (EB) assuming
that the inclusion is completely enveloped by the host phase (Pride et al., 2004). The EB model has the same form
as the equations in Biot theory and has been studied and applied (Huang et al., 2022; Liu et al., 2016, 2018). The
operations in the local flow equation of the two models may result in complex numbers, which may affect the
mathematical stability of the equations (Liu & Yong, 2016; Xiong et al., 2021b).

Ba et al. (2011) presented the Biot‐Rayleigh (BR) theory of poroelasticity to describe seismic wave propagation in
media with double porosity. The equation characterizing the local fluid flow (LFF) was established based on the
Rayleigh theory. In addition, media with triple porosity (Ma & Ba, 2020) and infinituple porosity (Zhang
et al., 2021) were proposed to further characterize sandstone reservoirs and predict seismic dispersion and
attenuation. Wang & Tang (2021) and Ba, Zhu, et al. (2023) investigated the effects of multiscale cracks in tight
sandstones on seismic wave propagation. In other studies, the elastic properties of sandstone were investigated by
experimental measurements (e.g., Chapman et al., 2016; Han et al., 2021; Pimienta et al., 2017; Sahoo et al., 2019;
Velcin et al., 2020).

In this study, the BR theory is used to build the model framework and then establish the governing equations of
local flow with ML. The proposed modeling approach can be extended to parameter inversion. One solution is to
derive parameters while fitting the forward model. Guo et al. (2022) and Liu et al. (2023), for example, made use
of this approach during the inversion process, but it cannot be guaranteed that the model parameters obtained after
training are always correct. However, it would at least be better than giving incorrect values for them.

The paper is organized as follows. Section 2 presents the proposed modeling approach in which new dynamic
equations are obtained by sparse identification. In Section 3, examples are used to show that the local flow
equation can be learned accurately. The predictions by the simplified dynamic equations are almost the same as
the original BR theory. In Section 4, the new equations are applied to experimental and logging data of tight
sandstones and a porosity inversion is performed. Section 5 discusses the differences between the new model and
the original model and the impact of the training data on the generalizability of the model. Finally, the conclusions
are summarized and further possible directions are discussed in the last section.

2. Methodology
This study focuses on an approach inspired by the DP paradigm (Shen et al., 2023). Figure 1 shows the procedure.
The function space that ML can search for is very wide due to the universal approximation theorem (e.g.,
Cybenko, 1989). A purely data‐driven ML‐based approach requires a large amount of data, the interpretability is
poor, and the generalization and robustness of the surrogate model cannot be guaranteed.

Figure 1. Schematic representation of the approach.
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In view of this, the proposed ML‐based modeling approach attempts to exploit the advantages of both methods.
For the specific process, the model is built based on poroelasticity theory, while some relationships or constants,
which are usually difficult to determine, are set as unknown factors and then determined by ML (Figure 1). In this
way, the modeling workload can be reduced compared with traditional methods.

2.1. The Framework of Dynamic Equations

First, we set up the dynamic equations and then determine the unknown factors with ML. The classical equations
include the DPDP, EB and Biot‐Rayleigh models (BR), and the unknown factors are elastic constants or the local
flow equation describing seismic loss.

As a specific case of the modeling approach shown in Figure 1, BR theory (Ba et al., 2011) is taken as the basis
and benchmark, and the governing equation of LFF within the theory is set as unknown factors along with some
parameters. The process of setting up the dynamic equations is shown in Figure 2. These equations are derived on
the basis of analytical mechanics, just like the BR theory. The potential energyW, kinetic energy T and dissipative
energy D of the system can be written as follows:

Figure 2. Schematic diagram of the dynamic equations, which includes the basic flowchart of the proposed approach (a), the
way for representing the local flow equation (b), data collection (c), the process of sparse learning (d), and the potential
applications (e).
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W =
1
2
(A + 2N) I21 − 2NI2 + Q1I1 (ξ(1) + ϕ2ς) +

1
2
R1(ξ(1) + ϕ2ς)

2

+Q2I1 (ξ(2) − ϕ1ς) +
1
2
R2(ξ(2) − ϕ1ς)

2,
(1)

T =
1
2
ρ11u̇ · u̇ + ρ12u̇ · U̇(

1)
+ ρ13u̇ · U̇(

2)
+
1
2
ρ22U̇

(1)
· U̇(

1)
+
1
2
ρ33U̇

(2)
· U̇(2)

+ TLF, (2)

D =
1
2
b1 (u − U(1)) (u − U(1)) +

1
2
b2 (u − U(2)) (u − U(2)) + DLF, (3)

where u, U(1), and U(2) are the displacements of the solid phase, and fluid in the host and inclusion phases,
respectively. ε, ξ(1), and ξ(2) are the divergence of the three displacements, I1 and I2 are the first and second strain
invariants, ϕ1 and ϕ2 are the porosities of the host and inclusion phase, respectively, ς is the increment of the fluid
strain in the process of local flow, and TLF and DLF characterize the effect of LFF. In addition, the equations
contain six elastic constants A, N, Q1, Q2, R1, R2, five density coefficients ρ11, ρ12, ρ13, ρ22, ρ33, and two dissi-
pation coefficients b1 and b2. An overdot denotes a time derivative. More details about the BR theory can be found
in Appendix A or in Ba et al. (2011).

As can be seen in Equation 1, the potential energyW corresponds to the BR theory, while the terms TLF andDLF in
the expressions of T and D are considered as unknown factors. It can be assumed that they are functions of ς and
the associated quantities in analogy to the BR theory. Substituting Equations 1–3 into Lagrange's equation, we
obtain

N∇2u + (A + N)∇ε + Q1∇(ξ(1) + ϕ2ς) + Q2∇(ξ(2) − ϕ1ς) =

ρ11ü + ρ12Ü
(1)
+ ρ13Ü

(2)
+ b1 ( u̇ − U̇(1)) + b2 ( u̇ − U̇(2)),

(4a)

Q1∇ε + R1∇(ξ(1) + ϕ2ς) = ρ12ü + ρ22Ü
(1)
− b1 ( u̇ − U̇(1)), (4b)

Q2∇ε + R2∇(ξ(2) − ϕ1ς) = ρ13ü + ρ33Ü
(2)
− b2 ( u̇ − U̇(2)), (4c)

ϕ2 [Q1ε + R1 (ξ(1) + ϕ2ς)] − ϕ1 [Q2ε + R2 (ξ(2) − ϕ1ς)] = F(ς, ς̇, ς̈,⋯), (4d)

where the right‐hand side of Equation 4d, denoted by F, is unknown because TLF and DLF have not yet been
determined. Equation 4 is considered relatively general since it includes the effect of LFF without assuming the
inclusion phase to be spherical, as in the BR theory.

The next step is the determination of F. For the traditional modeling approach, which is based on rock physics
knowledge, it is necessary to make certain assumptions about the inclusion phase to obtain an analytical rela-
tionship. In practice, F can be complex (in the frequency domain) and nonlinear with respect to ς. Seismic
propagation and attenuation is usually studied by using a plane‐wave analysis method (Carcione, 2022), which,
however, can only handle linear equations. Therefore, in this study, F is assumed to be a linear combination of ς
and its derivatives with respect to time of various orders. Instead of quantitatively analyzing the mechanism of
local flow, similar to the algorithm of SINDy (Brunton et al., 2016), a library of elements that can occur in F is
created, and the derivative of ς with respect to time is kept up to the nth order in this study, that is,

F(ς, ς̇, ¨ς,⋯) = C0ς + C1ς̇ + C2 ¨ς + C3ς
…
+⋯ + Cnς(n), (5)

where the coefficients Ci (i = 0, 1, …, n) are regarded as trainable parameters, and n is a hyperparameter. As
shown, Equation 5 contains n+1 unknown parameters, which is far fewer than the number of parameters in typical
NNs, although the universal approximation theorem ensures that NNs can approximate any continuous function.
Currently, there is no theoretical method to determine n in Equation 5. Generally, choosing a large value of n can
improve the predictive ability, but this may also require more data to determine Ci (i = 0, 1, …, n). Conversely, a
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smaller n may require less data but may not provide sufficient predictive ability. This study suggests selecting a
large n if enough data are available, and a smaller n otherwise. In the following examples, it is shown that using a
smaller n can result in better prediction performance for the wave propagation model.

By comparison, the expression of F in the BR theory is

F =
1
3
ρf ϕ2

1ϕ2ϕ20

ϕ10
R2
0 · ς̈ +

1
3
ηϕ2

1ϕ2ϕ20
κ1

R2
0 · ς̇, (6)

where the derivation process and symbol introductions can be found in Appendix A. Based on Equation 5, it is not
limited to specific scenarios and can encompass a wider range of cases. Specifically, there is no need to consider
the shape of the inclusions, nor are complex derivations required; one can directly use Equation 5 as the local flow
equation and calibrate the model parameters (Ci, i = 0, 1, …, n) based on the given data. In contrast, traditional
modeling methods may not require additional data to determine the model parameters, but selecting some of the
model parameters can be problematic. Although some parameters may have empirical default values, it remains
uncertain whether these values are suitable for all situations. For example, Pride and Berryman (2003a, 2003b)
found that the radius of the inclusion affects the dispersion and attenuation values, but they did not provide a
method to determine this parameter for different cases. To ensure the applicability of a model, this study suggests
that calibrating unknown parameters or relationships using a small amount of data is more reasonable. As a result,
a complete wave propagation model is obtained.

Then the loss function must be defined. The labels utilized in this study are the data of the phase velocity VP and
inverse quality factor Q− 1

P (if any) of the P wave. Note that the truth of the expression of F does not exist in real

applications, and the way to verify its correctness is to check whether the predicted V̂P and Q̂− 1
P match the data

based on the learned F. In this study, the unit of VP is m/s in all the calculations, whose magnitude is generally
several thousand. While Q− 1

P is usually presented in log10 scale, its absolute value is generally less than 10.
Therefore, the loss function is

Loss =
⃦
⃦VP − V̂P

⃦
⃦2
2 + λ

⃦
⃦Q− 1

P − Q̂− 1
P
⃦
⃦
2

2, (7)

where λ is a weighting factor to balance the two terms and usually taken as 1,000 by considering the magnitude of
them, with λ = 0 if Q− 1

P is unavailable.

In addition, some of the parameters required in the system of equations, such as ν1, ϕ10, Kb1 and Kb2, are usually
difficult to determine, while most of them have a significant impact on the results. Therefore, they can be set as
trainable parameters together with Ci (i = 0, 1, …, n). From the ML point of view, increasing some trainable
parameters does not significantly increase the complexity of the algorithm, while it can help to avoid arbitrarily
values.

2.2. Simplified Dynamic Equations

Equations 4a–4d contains four equations, that is, there are more equations than that in Biot's theory. This increases
the computational complexity (Guo et al., 2022). In this section, synthetic data of wave propagation and atten-
uation are generated based on the original BR theory, and then sparse identification is performed to obtain a new
simplified model. To do this, an ML‐based approach is used to filter out necessary terms. Specifically, a given
term in Equations 4a–4d is multiplied by a Boolean parameter Γi (i = 1, 2, …, 6) whose value is either 0 or 1 to
determine whether this term is necessary. According to Equation A10 in Appendix A, the matrices [aij] and [dij]
(i, j = 1, 2, 3) are both symmetric, and therefore some Boolean coefficients are assigned to Equations 4a–4d such
that the determinant after performing the plane‐wave analysis is

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

Γ1 · (a11k2 + d11) Γ2 · (a12k2 + d12) Γ3 · (a13k2 + d13)

Γ2 · (a12k2 + d12) Γ4 · (a22k2 + d22) Γ5 · (a23k2 + d23)

Γ3 · (a13k2 + d13) Γ5 · (a23k2 + d23) Γ6 · (a33k2 + d33)

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

= 0. (8)
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In practice, we set Γi = sigmoid (Sl·θi), where i = 1, 2, …, 6, sigmoid(x) = 1/
(1+ e− x), θi is a trainable parameter, and Sl is positive a slope parameter, used
to approximate values to achieve the approximation to 0 or 1. It is easy to see
that sigmoid (Sl·x) becomes steeper as Sl increases. Sl = 100 is taken; beyond
this value it behaves like the Heaviside function. The element in the third row
and third column of the determinant is set to 1 when Γ3, Γ5, and Γ6 are all 0 to
avoid singularities. The elastic constants A, N, Q1, Q2, R1 and R2 here can be
different from the original BR theory, but to speed up the training process and
improve convergence, the initial value of these constants is calculated by
using Equation A7 and then multiplied by a trainable parameter as correction
factor separately as: β1A, β2N, β3Q1, β4Q2, β5R1, and β6R2, where βi (i = 1, 2,
…, 6) can be any positive value.

If Γi (i = 1, 2, …, 6) are all 1, Equations 4a–4d is consistent with the BR
theory, but it is computationally costly. Therefore, an essential constraint is
the sparsity condition which ensures that the predicted VP and Q− 1

P are
consistent with the original BR theory and that Γi is 0 as much as possible.
The loss function is

Loss =
⃦
⃦VP − V̂P

⃦
⃦2
2 + λ1

⃦
⃦Q− 1

P − Q̂− 1
P
⃦
⃦
2

2 + λ2∑
6

i=1
Γ2
i , (9)

where λ1 and λ2 are two weighting factors, taken as 1,000 and 100, respectively. L1‐or L2‐norm is generally
employed as an alternative solution (Brunton et al., 2016; Chen et al., 2021), and the loss function is optimized
based on the LASSO and ridge regression algorithms. Here the L2‐norm is used, and they are set as trainable
parameters. After training, Γi = 0 (i = 1, 2, …, 6) means that the corresponding term has little influence on the
results and can be removed. In contrast, a term is retained if it equals to 1.

3. Method Verification on Synthetic Data
3.1. Learning the Local Flow Equation

First, we investigate whether the local flow equation can be correctly learned from data. For this purpose,
dispersion and attenuation data are generated by using Equations 4a–4d, and only a small amount of data is used to
train the parameters. Specifically, 10 samples with frequencies within [1, 108] Hz are randomly selected and the
corresponding VP and Q− 1

P are calculated based on the original BR theory. The required rock physics parameters
are listed in Table 1.

The examples in this study are all implemented under the PyTorch framework. In this case, only Ci (i= 0, 1,…, n)
are set as trainable parameters. Currently, there is no theoretical method to determine n in Equation 5. This study
determined it through trial and error. Here n = 4 is assumed, and Ci (i = 0, 1, …, 4) are updated by optimizing the
loss function shown in Equation 7, and all parameters and intermediate quantities are the same as those in the BR
theory. The hyperparameters are as follows: the mean square error is chosen as the metric of mismatch, the
learning rate is 0.01, the optimizer is Adam, and the number of epochs is 80,000.

After training, the learned coefficients Ci (i = 0, 1, …, 4) are shown in Table 2, where the reference values are the
results calculated with the BR theory. It can be seen that the predictions are sufficiently accurate with the
exception ofC0. Figure 3 shows the comparison of the dispersion and attenuation curves obtained by using the BR

theory and Equations 4a–4d and 5 based on the learned Ci (i = 0, 1, …, 4).
There are two peaks in the attenuation curve corresponding to the effects of
local and global fluid flow on the seismic waves. The results show that
although the learned C0 value does not match the reference value, the two
models provide the same propagation and attenuation curves.

A non‐zero C0 implies the existence of the term C0ς in F. Equations 4a–4d
shows that the left‐hand side of the last equation also contains the term of ς

Table 1
Sandstone Properties (Ba et al., 2011; Pride & Berryman, 2003a)

Parameter Value Parameter Value

ϕ10 0.1 Kf 2.5 GPa

ϕ20 0.3 ρf 1,040 kg/m3

ν1 0.963 η 1.0 × 10− 3 Pa·s

Ks 38 GPa κ1 1.0 × 10− 14 m2

μs 44 GPa κ2 1.0 × 10− 12 m2

ρs 2,650 kg/m3

c1 10

c2 200

cS 10

R0 0.01 m

Table 2
Comparison of the Predicted Coefficients With Those (Reference) Calculated
by the BR Theory

Coefficient C0 C1 C2 C3 C4

Reference value 0 308.80 3.21 × 10− 5 0 0

Precited value − 346.78 308.98 3.32 × 10− 5 0 0
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with the coefficient U = ϕ2
2R1 + ϕ2

1R2, so that the presence of C0ς can be
regarded as a correction. Although the predicted value of C0 is much smaller
than the value of U, it has no significant effect on the results. In other words,
the same dispersion and attenuation predictions can be obtained as the orig-
inal BR theory if the other coefficients are accurate enough. One can neglect
the term C0ς in Equation 5 or do further processing after comparing C0 with
U. Nevertheless, this example shows that the local flow equation can be
learned accurately and the dispersion and attenuation predicted by the two
models are the same.

In the following, an example for the determination of further trainable pa-
rameters is considered, that is, in addition to Ci, the volume ratio ν1 and the
consolidation coefficient c1 are considered as unknown factors. The hyper-
parameters are the same as above. The results are listed in Table 3, and
Figure 4 shows the comparison of the propagation and attenuation curves of
the two models.

Although the predicted C0 and C2 are not accurate, the dispersion and
attenuation curves of the two models are still almost the same, as C1, ν1 and c1
can be predicted accurately. The reference values show that C2 is much
smaller than C1, which indicates that the term C2ς̈ has only a small influence
on the results, at least much less than the term C1ς̇. C0 is still very small
compared to U and can be neglected. In fact, some studies (Chen et al., 2021;
Rudy et al., 2017) have also found that equations learned from data do not
fully match the original models that generate the training data. Perhaps one
can assume that the inaccuracy of the secondary factors does not have a
significant impact on the results as long as the learning of the primary task is
accurate enough. This in turn suggests that some aspects of the original model
can be simplified.

3.2. Sparse Identification on the Poroelasticity Theory

In this section, a sparse identification is performed on the BR theory to obtain
simplified dynamic equations. To focus on sparsity, the local flow equation is
that of the BR theory (see Appendix A). Thus, the trainable parameters are the
sparsification coefficients Гi (i = 1, 2, …, 6) and six coefficients βi (i = 1, 2,

…, 6) that correct the elastic constants, and their initial values are all 1. Similar to Section 3.1, 10 data points are
identified based on the original BR theory, and the properties are the same as those of Table 1. The number of
epochs is 100,000, and the other hyperparameters are the same as above.

Figure 5 shows the comparison of the dispersion and attenuation curves determined by using the original BR
theory and the simplified dynamic equations. As can be seen, the velocity curves overlap, indicating that the
dispersion predicted by the two models is in complete agreement. For the attenuation prediction, the curves
overlap in most frequency ranges, but there is a small difference in the middle frequency band due to the removal
of some terms in the original equations. Such a result could be acceptable as the overall difference is small and the
two predicted peaks corresponding to the global and local flows agree very well. To compare the predictions
between the two models under other parameter conditions, see the “Discussion” section below.

Figure 6 shows the variation of Гi during the training process. As can be seen,
in the training progresses, some coefficients become closer to 0. After
training the predicted results are: Г1 = 1, Г2 = 1, Г3 = 0, Г4 = 1, Г5 = 0,
Г6 = 0, β1 = 1.0, β2 = 1.0, β3 = 0.89, β4 = 1.0, β5 = 1.0, β6 = 1.0.

The results of βi indicate that the elastic constants in the simplified
equations are the same as the BR theory, except for Q1 which needs to be
corrected by a factor 0.89. The results of Гi indicate the BR theory can be
simplified as

Figure 3. Comparison of the predicted dispersion (a) and attenuation
(b) curves by the original BR theory (black solid line) with the established
dynamic equations (red dashed line). In this case onlyCi (i= 0, 1,…, n) with
n = 4 are set as trainable parameters.

Table 3
Comparison of the Predicted Coefficients With Those (Reference) Calculated
by the BR Theory

Coefficient C0 C1 C2 C3 C4 ν1 c1

Reference value 0 308.80 3.21 × 10− 5 0 0 0.9630 10.00

Precited value 388.54 307.64 5.0 × 10− 4 0 0 0.9634 10.04

Journal of Geophysical Research: Solid Earth 10.1029/2025JB032558
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N∇2u + (A + N)∇ε + Q1∇ξ(1) + (ϕ2β3Q1 − ϕ1Q2)∇ς

= ρ11ü + ρ12Ü
(1)
+ b1 ( u̇ − U̇(

1)
), (10a)

β3Q1∇ε + R1∇(ξ(1) + ϕ2ς) = ρ12ü + ρ22Ü
(1)
− b1 ( u̇ − U̇(

1)
), (10b)

(ϕ2β3Q1 − ϕ1Q2)ε + ϕ2R1ξ(1) =
1
3
ρf ϕ2

1ϕ2ϕ20

ϕ10
R2
0 ς̈

+
1
3
R2
0ϕ

2
1ϕ2ϕ20

η
κ1
ς̇ − (ϕ2

2R1

− ϕ2
1R2)ς. (10c)

The simplified equations are obtained by omitting Equation 4c, that is, the
equation related to U(2), and changing some terms and coefficients while
retaining all constants. It is similar to the dynamic equations describing wave
propagation in a single‐porosity media. As mentioned above, the EB model
has the same form as the Biot equations, but it considers a special case of
double porosity media, and the elastic constants involved are related to the
constants of two pore types (Pride et al., 2004). In addition, the local flow
equation must be retained to describe the seismic wave attenuation
mechanism.

Then, by combining with the process of learning the local flow equation from
data and ML, C0, C3 and C4 are 0 while C1 and C2 are kept as trainable pa-
rameters since the term C1ς̇ + C2ς̈ appears in the BR theory. The simplified
equations can be written as

Ñ∇2u + ( Ã + Ñ)∇ε + Q̃1∇ξ + (ϕ2 Q̃1 − ϕ1 Q̃2)∇ς

= ρ11ü + ρ12Ü + b( u̇ − U̇), (11a)

Q̃1∇ε + R̃1∇(ξ + ϕ2ς) = ρ12ü + ρ22Ü − b( u̇ − U̇), (11b)

(ϕ2 Q̃1 − ϕ1 Q̃2)ε + ϕ2 R̃1ξ + (ϕ
2
2 R̃1 − ϕ2

1 R̃2)ς = C1ς̇ + C2ς̈, (11c)

where the indices for the two pore types are removed and the tilde above each symbol means that each of them is
first calculated by using Equation A7 and then multiplied by a trainable parameter. Although this example shows
that only Q1 needs to be corrected, βi are retained in a more general sense in the following examples, and it is
found that correcting the six elastic constants can significantly improve the ability of the model to fit the data.

The less costly Equations 11a–11c will serve as the wave propagation model subsequently, which contains eight
trainable parameters if all the other required parameters are given.

4. Examples With Real Data
In this section, experimental and logging data are used to verify the effectiveness of the wave propagation model
created. Since Equations 11a–11c contain unknown factors and in some cases not all the parameters required for
the calculation can be provided, they must first be determined. In other words, the model must be calibrated before
further application to ensure that each parameter is reasonably determined or predicted by ML.

4.1. Verification on Experimental Data

Here, the properties of two samples of tight sandstones, numbered TS4 and TS5, are selected for the prediction of
wave velocity VP based on Equations 11a–11c. The two samples are taken from the Jurassic Shaximiao Formation
of the Sichuan Basin in China. According to the thin sections, the rock exhibits strong heterogeneity. The

Figure 4. Comparison of the predicted dispersion (a) and attenuation
(b) curves by the original BR theory (black solid line) with the established
dynamic equations (red dashed line). In this case Ci (i = 0, 1, …, n) with
n = 4 and ν1, c1 are set as trainable parameters.

Journal of Geophysical Research: Solid Earth 10.1029/2025JB032558
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experimental data of VP are determined based on the measured Young's
modulus, Poisson's ratio and density. The measured VP corresponding to
different frequencies (21 data points at 1–100 Hz and one data point at
1 MHz) are obtained by the oscillation loading of the device, and the mea-
surements of the rock sample saturated with water are selected here. More
details on the experimental measurements can be found in Ba, Zhu,
et al. (2023), and for the device and data processing, one can refer to Sun
et al. (2022). The properties of the two samples are listed in Table 4.

Based on the provided information, ν1 can be computed as ν1 = (ϕ20− ϕ)/
(ϕ20− ϕ10), and Kb2 can be computed once Kb1 is given. Therefore, the
consolidation coefficient c1 with the unknown factors βi (i = 1, 2, …, 6) and
C1 and C2 required by Equations 11a–11c are considered as trainable pa-
rameters. Then, only 5 out of the 22 experimental values are taken as the
training set to determine them. The loss function is shown in Equation 7 and
λ= 0 sinceQ− 1

P is unavailable. The number of epochs is 10,000, and any other
hyperparameters are the same as above. Due to uneven frequency distribution
in the measured data, that is, only one data point at the ultrasound band and all
other frequencies are within 100 Hz, three scenarios for selecting the five data
points are considered, namely sampling from [1, 10], [1, 100], and [1, 106]
Hz, to investigate the impact of the training data selection on the results.

After training, the predicted dispersion curves are shown in Figure 7 in
comparison to the measured velocities. As can be seen, for training data of [1,
10] Hz, the established equations can accurately predict VP within [1, 100]
Hz, indicating a good extrapolation capability. Since the ultrasound frequency
far exceeds the coverage range of the training set, the predicted VP at 1 MHz
deviates from the measured value. Nevertheless, thanks to the BR theory, a
strong dispersion can be achieved by Equations 11a–11c, which is advanta-
geous for model extrapolation. Extending the sampling range to [1,100] Hz
improves the results (Figures 7b and 7e). It is interesting to note that the
predicted VP at 1 MHz is close to the measured value, although the maximum
frequency of the training data is 100 Hz. When the training data covers the
whole frequency range, the dispersion curve agrees very well with all
measured values (Figures 7c and 7f).

This example shows that the unknown factors can be determined on the basis of a small number of data points and
then an accurate prediction of the wave velocity is possible. In a purely data‐driven approach, all quantitative
relationships are unknown and must be learned from the data. In contrast, in the proposed approach, only the
unknown factors need to be determined as the framework is built by using the effective poroelasticity theory,
which significantly reduces the data set requirements. Nonetheless, the number of model parameters (eight in this
example) exceeds the number of data points (five), which constitutes overparameterization. In ML, over-
parameterized NNs can still exhibit good generalization ability, which classical statistical learning theories cannot
explain (Yu et al., 2025). For relevant research, see, for example, Bornschein et al. (2020) and Teresa et al. (2022).
Techniques such as L1/L2 regularization and early stopping can also be integrated into the proposed approach to
reduce the risk of overfitting and ensure the generalization accuracy and stability of the training process.

It is found that correcting the elastic constants with βi (i = 1, 2, …, 6) is important for improving the model's
ability to match the data. This indicates that it may not be necessary to use many parameters in Equation 5, in other
words, n can be small number when correcting the elastic constants. In addition, in applying this approach in
practice, attention should be paid to the coverage of the data points.

Next, the proposed approach is tested by using another data set from experiments on a drill core of the Xujiahe
Formation from the northeastern Sichuan Basin, China (Xu et al., 2008; Yin et al., 2017). In the experiment, the
wave velocities of brine‐saturated rock sample are measured under the nine pressure conditions, namely 2, 5, 7,

Figure 5. Comparison of the predicted dispersion (a) and attenuation
(b) curves by the original BR theory (black solid line) with the simplified
dynamic equations (red dashed line).

Journal of Geophysical Research: Solid Earth 10.1029/2025JB032558

XIONG ET AL. 9 of 24

 21699356, 2026, 1, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025JB

032558 by O
gs T

rieste Istituto N
azionale, W

iley O
nline L

ibrary on [24/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



10, 15, 20, 25, 30 and 35MPa (Yin et al., 2017). For each pressure condition, the wave velocities corresponding to
22 frequencies are measured, with the frequencies of 21 data points in [1, 200] Hz and one data point at 1 MHz.
The total porosity ϕ and the porosity of the stiff pores (which serves as the porosity of the host phase ϕ10) at
different pressures are given. ϕ(ϕ10) corresponding to the nine pressures are 0.08925(0.08908), 0.08916
(0.08902), 0.08911(0.08900), 0.08903(0.08895), 0.08892(0.08888), 0.08883(0.08880), 0.08874(0.08872),
0.08865(0.08864), and 0.08857(0.08856). Further properties are listed in Table 5.

As can be seen the volume ratio ν1, and the dry‐rock bulk and shear moduli are not provided here, so in addition to
C1, C2 and βi (i = 1, 2, …, 6), ν1, and the three coefficients of consolidation, c1, c2, cS are considered as unknown
factors. Kb1, Kb2 and μb are obtained from Equation A7.

Similar to the previous example, five data points are used as the training set,
and three scenarios are considered for the selection of the five points. The
hyperparameters are the same as above. After training, the results are shown
in Figure 8. The variation of VP with frequency under different pressures is
smaller than that of the samples of TS4 and TS5 as shown in the previous
example. From Figure 8a, it can be seen that the prediction by Equations 11a–
11c can well fit the data in the low‐frequency range, but neither equation can
accurately predict VP at the ultrasonic frequency. The predicted VP also varies
weakly with frequency because the unknown factors are learned from data
with limited information. When the detection range of the training data is
increased to [1, 100] Hz, the prediction efficiency improves, but there is still
some difference at the ultrasonic frequency (Figure 8b). The dispersion curve
agrees well with the measured values when the training data covers the whole
frequency range (Figure 8c).

This example further shows that the validity of the simplified equations is not
a problem here, that is, the change in VP with frequency can be predicted
based on Equations 11a–11c, but relatively poor results will be obtained if the
training data used to calibrate the model is insufficient. Further examples can
be found in the “Discussion” section below.

Figure 6. Variation of each sparsity coefficient during the training process and the first 2,000 epochs.

Table 4
Properties of the Tight Sandstone Samples TS4 and TS5 (Ba, Zhu,
et al., 2023)

TS4 Value TS5 Value

ϕ 0.0877 ϕ 0.1178

ϕ10 0.0826 ϕ10 0.113

ϕ20 0.32 ϕ20 0.32

Ks 32.6 GPa Ks 32.06 GPa

μs 29.8 GPa μs 31.4 GPa

Kb 7.6 GPa Kb 19.2 GPa

μb 11.5 GPa μb 9.5 GPa

ρs 2,440 kg/m3 ρs 2,350 kg/m3

κ 0.149 × 10− 15 m2 κ 0.3985 × 10− 15 m2

Kf 2.25 GPa Kf 2.25 GPa

ρf 1,000 kg/m3 ρf 1,000 kg/m3

η 1.0 × 10− 3 Pa·s η 1.0 × 10− 3 Pa·s

Journal of Geophysical Research: Solid Earth 10.1029/2025JB032558
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4.2. Verification on Logging Data

In this section, the effectiveness of the method is verified by using borehole logging data. Unlike experimental
data, where most of the rock parameters can be considered fixed, the parameters of physical properties of the
reservoir vary with depth in borehole data. Here, logging data were selected from the Chang 7 layer of the

Figure 7. Comparison of the measured velocities and the predicted dispersion curves by the simplified dynamic equations for
sample TS4 ((a), (b), (c)) and TS5 ((d), (e), (f)). The gray‐shaded region shows the coverage range of the training data.

Table 5
Properties of the Tight Sandstone Sample From Xujiahe Formation (Yin et al., 2017)

Property Value Property Value

Ks 40.32 GPa Kf 2.28 GPa

μs 40.69 GPa ρf 1,013 kg/m3

ρs 2,444 kg/m3 η 1.023 × 10− 3 Pa·s

κ 6.3 × 10− 17 m2

Journal of Geophysical Research: Solid Earth 10.1029/2025JB032558

XIONG ET AL. 11 of 24

 21699356, 2026, 1, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025JB

032558 by O
gs T

rieste Istituto N
azionale, W

iley O
nline L

ibrary on [24/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Figure 8. Comparison of the measured velocities (empty circles) and the predicted dispersion curves by the simplified
dynamic equations (solid lines). Different colors correspond to different pressures. Subplots (a), (b), and (c) correspond to
training data samples from [1, 10], [1, 100], and [1, 106] Hz, respectively, and the gray‐shaded region marks the coverage
range of the training data.
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Mesozoic Triassic Yanchang Formation in the Ordos Basin, China. The thickness of the Chang 7 layer is about
110 m. It is rich in shale oil deposits. Different types of pore structures can be recognized from the thin sections of
the tight rock samples (Ba, Ma, et al., 2023).

Data from 7 boreholes are selected, of which 6 boreholes with a total of 1,278 pairs are referred to as data set A
and another borehole with 356 pairs as data set B, as are shown in Figure 9. Each pair of data provides VP,Q− 1

P , ρ,
ϕ, Sw, Vsh and κ, where VP is extracted from array sonic logs andQ− 1

P is estimated based on an improved frequency
shift method (Ba, Ma, et al., 2023; Hu et al., 2013), Sw is water saturation, and Vsh is clay content. The reservoir is
saturated with oil and water, and the equivalent medium theory (Carcione et al., 2006) is used to calculate the fluid
property parameters as

K f = (K f2 − K f1) S2w + K f1, (12a)

ρf = Swρ f1 + (1 − Sw)ρ f2, (12b)

η = η f1(ηf2/ηf1)
Sw
, (12c)

with Kf1= 2.5 GPa, Kf2= 1.27 GPa, ρf1= 1,040 kg/m3, ρf 2= 790 kg/m3, ηf 1= 1.0 mPa·s, and ηf 2= 5.0 mPa·s. In
addition, Ks and μs are 38 and 44 GPa, respectively, and one can refer to Ba, Ma, et al. (2023) for more details.

It should be noted that there may be different approaches to the determination of unknown factors when applied to
logging data. In practical application, in principle, all unspecified parameters should be considered trainable to
avoid subjectivity, while too many trainable parameters can also make the training process unstable or difficult to

Figure 9. Logging curves from a well of a shale‐oil reservoir. The subplots from left to right are P wave velocity, inverse
quality factor in log10 scale, density, porosity, water saturation, clay content, and permeability.
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converge. To reduce the number of unknown factors, c1 = cS = 10 and
c2= 200 are taken, which only has a limited effect on the results, as the elastic
constants are still corrected by βi (i = 1, 2, …, 6).

First, the validity of the model created is examined, that is, it is checked
whether the predictions by Equations 11a–11c can match the logging data
well. Based on the logging data shown in Figure 9, two approaches are
considered, namely setting the same unknown factors for data points at
different depths (approach I) and varying the unknown factors with depth
(approach II). The latter of course corresponds more closely to reality, but
involves more parameters that need to be trained. The unknown factors are ν1,
ϕ10, βi (i = 1, 2, …, 6) and C1 and C2, and each of them is a single value in
approach I, while it is a vector‐valued parameter in approach II. The number
of epochs in this example is 50,000, the choice of hyperparameters is the same
as above, and the loss function is shown in Equation 7.

Figure 10 shows the training results based on approach I, where only VP and
Q− 1

P are displayed, as the predicted Q− 1
P differs greatly from the true value.

Such a result is due to the insufficient predictive power of the model, as the
unknown factors are the same at each depth point, which makes it difficult to
accurately predict Q− 1

P at each point. Nevertheless, the predicted VP is rela-
tively accurate overall, indicating that if one focuses only on predicting the wave velocity, approach I can be used.
After training, predictions such as ν1 and ϕ10 can also be made. However, due to the mismatch of Q− 1

P , their
accuracy cannot be guaranteed.

Figure 11 shows the training results based on approach II, and as can be seen, the predicted VP and Q− 1
P and the

logging values match very well, indicating that the explanatory power of the model performs well and the selected
logging data can be explained by the established dynamic equations. This also shows that it is necessary to define
unknown factors for parameters at different depth points. In addition, Figure 11 also shows the derived results for

Figure 10. Predicted P‐wave velocity and inverse quality factor based on the
trained unknown factors, where these for data points at different depths are
the same. The black and red solid lines represent the logging data and the
predicted values, respectively.

Figure 11. Predicted P‐wave velocity and inverse quality factor based on the trained unknown factors, where these vary with
depth. The black and red solid lines represent the logging data and the predicted values, respectively.
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ν1, ϕ10, and ϕ20. They are not predetermined, but required for the calculation of Equations 11a–11c, so they are
determined by training together with the other unknown factors, which can be seen as parameter inversion and is a
process of inversion, while the forward model is improved as Equations 11a–11c contain other unknown factors.
Despite the lack of true values for comparison, the accuracy of the inversion results can be acceptable as the
predicted VP and Q− 1

P and the results based on them match well with the logging data.

In order to check the accuracy of the derived result, a porosity inversion is performed, whereby the data shown in
Figure 9 can be used. In particular, the total porosity ϕ in Figure 9 is no longer used in the forward process of
Equations 11a–11c and is set as unknown factor together with ν1, ϕ10, C1, C2, and βi (i = 1, 2, …, 6). Note that ρs
cannot be derived from ρ because ϕ is unknown at this stage and is assumed and fixed as 2,650 kg/m3. On the
other hand, the information of ρ should be used when we creating the loss function since there is a relationship
between ρ and ϕ. The loss function is defined as

Loss =
⃦
⃦VP − V̂P

⃦
⃦2
2 + λ1

⃦
⃦Q− 1

P − Q̂− 1
P
⃦
⃦
2

2 + λ3‖ρ − ρ̂‖22, (13)

where λ1 and λ3 are the two weighting factors taken as 1,000 and 10, respectively.

The number of epochs in this example is 50,000 and the selection of the other hyperparameters is the same as
above. The result is shown in Figure 12. It can be seen that the predicted VP and Q− 1

P based on Equations 11a–11c
agree well with the logging results. The inversion accuracy of ϕ is also good, and the predicted results can match
the logging curve in trend, which preliminarily proves the feasibility of parameter inversion based on the pro-
posed approach. The derived values ν1, ϕ10, and ϕ20 are shown in Figure 12, and it is reasonable to believe that
their derivative accuracy is also acceptable since the inversion accuracy of ϕ is good.

The effectiveness of porosity inversion in data set A is tested by defining unknown factors for each data point. The
comparison between the recording data and the predictions of VP, Q− 1

P and ϕ is shown in Figure 13. From
Figures 13a and 13b, it can be seen that the prediction of VP and Q− 1

P based on the unknown factors determined
after training agrees well with the logging values, but the accuracy of porosity inversion is not good because many

Figure 12. Results of porosity inversion. The black and red solid lines represent the logging data and the predicted values,
respectively.
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points do not fall on the black line but are concentrated nearby. This phe-
nomenon is subtle as the prediction is not good enough but seems to show a
consistent trend. The difference can be very small if the predicted ϕ can be
shifted to a fixed value in a certain direction. Figure 12 shows that although
the upper half of the predicted ϕ‐curve does not match well with the recorded
values, a higher accuracy can be achieved if the predicted curve is shifted to
the right by a fixed value. This may be due to the non‐uniqueness of the
solution. To improve this problem, more constraints such as prior information
can be added during the training process, but this is beyond the scope of this
study.

In addition, as an exception, if no data are available to calibrate the model
parameters, we suggest determining the local flow equation and each elastic
constant as in the BR theory. Parameter inversion can then still be performed
based on the ML framework.

5. Discussion
5.1. Assessment of the Simplified Dynamic Equations

As is shown in Section 3.2, the simplified dynamic equations are obtained by
sparse learning. The complexity of the form of Equations 11a–11c lies be-
tween the BR theory and the equations of Biot theory. Here, some explana-
tions are given for the construction of the new model based on the results of
ML‐assisted equation finding. Without being bound to the symbols of the
individual elastic coefficients, Equations 11a–11c can be expressed as

c00∇2u + c11∇ε + c12∇ξ + c13∇ς = ρ11ü + ρ12Ü + b( u̇ − U̇), (14a)

c21∇ε + c22∇ξ + c23∇ς = ρ12ü + ρ22Ü − b( u̇ − U̇), (14b)

c31ε + c32ξ + c33ς = F(ς, ς̇,⋯) = C1ς̇ + C2ς̈. (14c)

It is easy to see that Equation 14 are completely changed into the form of the
equations of Biot's theory if ς = 0 and the third governing equation is
removed, i.e. the effect of the LFF is neglected. It is well known that the
dispersion and attenuation predicted by the classical Biot theory are often
inadequate (e.g., Dvorkin & Nur, 1993; Gurevich & Carcione, 2022), while
the BR theory improves the attenuation prediction by introducing ς.

Therefore, Equation 14 can be considered as a modification of Biot theory. In
particular, the term c12▽ξ in the first governing equation takes into account
the effect of fluid deformation on the solid phase. The new model also takes
into account the influence of the increase in liquid expansion by adding the
term c12▽ς. Similarly, the term c23▽ς is added to the second equation. And
the third equation, as a complement, characterizes the relationship between
the three strains (ς, ε, and ξ). It should be noted that this is still a wave
propagation model for a double‐porosity media, while an equivalent treatment
applies to the two pore structures, just like the EB model.

In Section 3.2, only one set of rock properties is used to compare the dif-
ferences between Equations 11a–11c and the BR theory in predicting
dispersion and attenuation. To check the differences in multiple sets of pa-
rameters, seven parameters ω, ϕ, ϕ20, ν1, Ks, μs, and ρs are randomly selected
at appropriate intervals as is shown in Table 6, where Kb and μb are calculated
based on Equation A7, permeability is determined by the Kozeny‐Carman

Figure 13. Comparison of the logging data and prediction of P‐wave velocity
(a), inverse quality factor in log10 scale (b) and the total porosity (c). The
black solid line in each plot represents the set of points with equal horizontal
and vertical coordinates.
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relationship (Carman, 1961) as κ = 10ϕ3/(1–ϕ)2 and the other required parameters are the same as those in
Table 1.

In this way, 1 million parameter samples are selected and the dispersion and attenuation are predicted by the
two models. The calculation method for the elastic constants A, N, Q1, Q2, R1, and R2 and the two coefficients
C1 and C2 in Equations 11a–11c is the same as the BR theory. Figure 14 shows the statistical results of the

Table 6
Sampling Ranges of Properties for Generating the Data Set

Property Sampling interval Property Sampling interval

ω [100, 108] Hz Ks [20, 60] GPa

ϕ [0.01, 0.3] μs [8, 50] GPa

ϕ20 [0.1, 0.4] ρs [1.5, 3] g/cm3

ν1 [0.6, 0.999]

Figure 14. Comparison of dispersion (a) and attenuation (b) predictions between the simplified dynamic equations and the
original BR theory.
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relative errors of VP and Q− 1
P , taking VP as an example and the relative error for each parameter sample is

computed by |(VP,new− VP,BR)/VP,BR|. As can be seen, the velocities predicted by the two models are very close
to each other and the relative error is essentially within 5%. Although the difference in predicting Q− 1

P is larger,
the main error is still within 5%. Therefore, it can be assumed that the simplified equations are not only
comparable to the original ones in terms of prediction, but also exhibits a more concise form, which is
conducive to practical applications.

5.2. Verification on Other Experimental Data Set

Although the dispersions of the experimental data shown in Figures 7 and 8 are different, a prediction with high
accuracy can be achieved by training with less data to determine the unknown factors. However, this does not
apply to all experimental data, even if the training data is widely enough.

To further investigate this question, frequency‐dependent dispersion data measured experimentally on another
tight sandstone sample TS4 (He et al., 2025) from the Shahejie Formation in the Bohai Bay Basin, China, are
considered here. In the experiment, the Young's modulus and Poisson's ratio of rock samples saturated with brine
under an effective pressure of 5 and 15MPa, are measured, and the data of VP corresponding to 16 frequencies are
obtained according to the derived bulk and shear moduli of the rock (He et al., 2025). Some rock parameters
determined by X‐ray diffraction analysis are listed in Table 7. μs = 40 GPa is assumed. The unknown factors are
ϕ10, ν1, c1, c2, cS, βi (i = 1, 2, …, 6), C1, and C2.

Similarly, five data points are taken as the training set, the hyperparameters are the same as those in Sec-
tion 4.1, and the results are shown in Figure 15. Similar to Figures 7 and 8, it can be seen that the overall
prediction performance improves as the training data coverage increases. When the training data is sampled
from [1,100] Hz, the predicted VP at 1 MHz is much smaller than the measured value, which is worse than the
cases in Section 4.1. Moreover, as the training data coverage increases to [1,106] Hz, not all data points fall on
the dispersion curve (Figure 15c), although they are all concentrated in the vicinity. Further increasing the
number of training data to 10 does not significantly improve the effect, which is not shown here. This could be
due to the insufficient amount and uneven distribution of the experimental data. Figure 15b shows that the
prediction can be good if it is limited to a range of 1,000 Hz and the coverage of the training data is ensured.
Alternatively, a better prediction can be achieved by including the squirt flow mechanism in the equations as
He et al. (2025).

In the proposed approach, it is necessary to first train unknown factors on the basis of a small amount of data. As is
known from the field of ML, factors such as the distribution and amount of training data are crucial for the
generalization of surrogate models. By assuming that more experimental data points than training data are used to
determine unknown factors, a better prediction can undoubtedly be achieved. However, if the amount of training
data is limited, good predictions may only be possible in a limited range. Whereas, it is beyond the scope of this
study to identify unknown factors within a limited range of data while enabling the model to make accurate
predictions over a larger range.

Table 7
Properties of the Tight Sandstone Sample From the Shahejie Formation (He et al., 2025)

Property Value Property Value

ϕ 0.082 Kf 2.25 GPa

Ks 38 GPa ρf 1,015 kg/m3

ρs 2,640 kg/m3 η 1.05 × 10− 3 Pa·s

κ 5.2 × 10− 17 m2
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6. Conclusions
In this study, a wave propagation approach combining data and ML is proposed. The dynamic equations are
established in two steps, that is, wave equations containing unknown factors (media properties) based on the Biot‐
Rayleigh theory are established, and then data learning is used to describe the anelasticity of LFF in a data‐driven

Figure 15. Comparison of the measured velocities and the predicted dispersion curves by the simplified dynamic equations
(solid lines) for another sandstone sample. Subplots (a), (b), and (c) correspond to training data samples from [1, 10], [1,
100], and [1, 106] Hz, respectively, and the gray‐shaded region marks the coverage range of the training data.
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manner. After that, a simplified wave equation is obtained by sparse identification. The effectiveness of the
approach is validated by using synthetic, experimental and logging data, showing that the simplified equation can
accurately predict the P‐wave velocity and quality factor. Furthermore, the approach is extended to derive rock
parameters while training the unknown factors, achieving a good inversion accuracy. It is still worth investigating
which poroelasticity theory can be used to generate an optimal wave equation and which unknown factors are the
optimal choice for the different sorts of reservoir rocks and fluid.

Appendix A
This Appendix A provides some details of the Biot‐Rayleigh (BR) theory (Ba et al., 2011). A poroelasticity wave
propagation model that describes how seismic waves travel through porous media composed of host phase and
spherical inclusion phase is developed. In addition to global fluid flow, the influence of LFF on seismic waves has
been taken into account. This theory is typically able to quantitatively predict wave dispersion and attenuation in
reservoir rocks, making it promising in quantitative seismic interpretation and fluid identification.

Regarding the symbols, ϕ is the total porosity, ϕ10 and ϕ20 are the absolute porosities of the host and inclusion
phases, respectively. ν1 and ν2 are the volume ratios of the host and inclusion phase, Ks and Kf are the bulk
modulus of the solid matrix and fluid, and μs and μb denote the shear moduli of the solid matrix and solid skeleton,
respectively, Kb1 and Kb2 are the bulk moduli of the solid skeletons, c1, c2, and cS are three consolidation co-
efficients, ρs and ρf are the densities of the solid and fluid, respectively, η is the viscosity of fluid, κ1 and κ2 are the
permeabilities of the host and inclusion phases, respectively, and κ is the intrinsic permeability. R0 denotes the
radius of the inclusion phase, andω is angular frequency. The meanings of the other symbols are given in the main
text. There are also the following relationships of ν1+ν2 = 1 and ϕ = ϕ1 + ϕ2, where ϕ1 = ν1ϕ10 and ϕ2 = ν2ϕ20.

In the BR theory, it is assumed that the inclusions are spherical with radius R0. In the process of LFF, the
interaction is represented by the increment of fluid strain ς. The fluid increment of the inclusion phase is − ϕ1ς,
with ϕ1ς ≈ 1 − V0/V = 1 − R3

0/R
3 (Ba et al., 2011), where V0 and V are the static and dynamic volumes of the

inclusion, respectively, R is the dynamic radius of the sphere, Ṙ is the velocity of particles on the spherical
surface, ṙ is the velocity of particles outside the inclusion, and the continuity condition of fluid on the surface is
4πR2 Ṙϕ20 = 4πr2 ṙϕ10 (Ba et al., 2011). For a single inclusion, the kinetic energy of the LFF process is (Ba
et al., 2011; Rayleigh, 1917)

TLF,1 =
1
2
ϕ10ρf∫

∞

R
4πr2 ṙ2dr = 2πρf

ϕ2
20

ϕ10
R3 Ṙ2, (A1)

using the continuity conditions.

Taking the time derivative on both sides of ϕ1ς ≈ 1 − R3
0/R

3, gives Ṙ ≈ ϕ1R0ς̇/3. Then, the total kinetic energy

of the LFF process is TLF = N0TLF,1 = 2πρf N0R3 Ṙ2ϕ2
20/ϕ10, where N0 is the number of inclusions per unit

volume. According to the relationship ν2 = N0 · 4πR3/3 = ϕ2/ϕ20, N0 = 3ϕ2/ (4πϕ20R3), and we obtain

TLF =
1
6
ρf ϕ

2
1ϕ2ϕ20

ϕ10
R2
0 · ς̇

2. (A2)

Similar to the derivation of TLF, the dissipation function for a single inclusion is expressed as (Ba et al., 2011)

DLF,1 =
1
2
ϕ2
10

η
κ1
∫

∞

R
4πr2 ṙ2dr = 2πϕ2

20
η
κ1

R3 Ṙ2
. (A3)

The dissipation function per unit volume can be obtained by dividing DLF,1 by V. Then using Ṙ ≈ ϕ1R0ς̇/3 and
N0 = 3ϕ2/ (4πϕ20R3), we obtain

DLF =
3
2
ηϕ2ϕ20

κ1
Ṙ2
=
1
6
ηϕ2

1ϕ2ϕ20
κ1

R2
0 ς̇

2. (A4)
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After substituting Equation A2 into Equation 2 and Equation A4 into Equation 3, the potential, kinetic and
dissipated energy functions, considering the influence of LFF, are established. Next, by substituting
Equations 1–3 into the Lagrange equation

d
dt
(
∂(T − W)

∂χ̇
) +

∂(T − W)
∂χ

+
∂D
∂χ̇

= 0, (A5)

where χ is taken as u, U(1), U(2) and ς, the final dynamic equations of the BR theory are

N∇2u + (A + N)∇ε + Q1∇(ξ(1) + ϕ2ς) + Q2∇(ξ(2) − ϕ1ς) =

ρ11ü + ρ12Ü
(1)
+ ρ13Ü

(2)
+ b1 ( u̇ − U̇(1)) + b2 ( u̇ − U̇(2)),

(A6a)

Q1∇ε + R1∇(ξ(1) + ϕ2ς) = ρ12ü + ρ22Ü
(1)
− b1 ( u̇ − U̇(1)), (A6b)

Q2∇ε + R2∇(ξ(2) − ϕ1ς) = ρ13ü + ρ33Ü
(2)
− b2 ( u̇ − U̇(2)), (A6c)

ϕ2 [Q1ε + R1 (ξ(1) + ϕ2ς)] − ϕ1 [Q2ε + R2 (ξ(2) − ϕ1ς)] =
1
3
ηϕ2

1ϕ2ϕ20
κ1

R2
0 · ς̇ +

1
3
ρf ϕ

2
1ϕ2ϕ20

ϕ10
R2
0 · ς̈. (A6d)

The expressions of the six elastic constants are

A = (1 − ϕ)Ks −
2
3
N −

Ks

K f
(Q1 + Q2), N = μb =

(1 − ϕ)μs
1 + cSϕ

,

Q1 =
αϕ1Ks

α + τ , Q2 =
ϕ2Ks

1 + τ
, R1 =

ϕ1K f

α/τ + 1 , R2 =
ϕ2K f

1/τ + 1
,

α =
ϕ20 [1 − (1 − ϕ10)Ks/Kb1]

ϕ10 [1 − (1 − ϕ20)Ks/Kb2]
, τ =

Ks (αϕ1 + ϕ2)

K f (1 − ϕ − Kb/Ks)
,

Kb = (
ν1
Kb1

+
ν2
Kb2

)

− 1

, Kb1 =
(1 − ϕ10)Ks

1 + c1ϕ10
, Kb2 =

(1 − ϕ20)Ks

1 + c2ϕ20
,

(A7)

where c1, c2 and cS are the three consolidation constants, and the bulk modulus and shear modulus of rock skeleton
are calculated according to the empirical relations provided by Pride & Berryman (2003a, 2003b).

The expressions of the five density constants are

ρ11 = (1 − ϕ1 − ϕ2)ρs + 0.5(1 − ϕ1 − ϕ2)ρf ,

ρ12 = 0.5(ϕ1 − ν1)ρf , ρ13 = 0.5(ϕ2 − ν2)ρf ,

ρ22 = 0.5(ϕ1 + ν1)ρf , ρ33 = 0.5(ϕ2 + ν2)ρf .

(A8)

The two dissipation coefficients are

b1 =
ϕ1ϕ10η

κ1
, b2 =

ϕ2ϕ20η
κ2

. (A9)

To avoid symbol confusion, we use j to represent the imaginary unit. Based on a plane‐wave analysis, the
equations for P waves can be obtained by substituting a plane wave kernel into Equations A6a–A6d, to obtain
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⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

a11k2 + d11 a12k2 + d12 a13k2 + d13
a21k2 + d21 a22k2 + d22 a23k2 + d23
a31k2 + d31 a32k2 + d32 a33k2 + d33

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

= 0, (A10)

where

a11 = A + 2N + j(ϕ1Q2 − ϕ2Q1) q1, a22 = R1 (1 − jϕ2q2), a33 = R2 (1 + jϕ1q3),

a12 = a21 = Q1 − jR1ϕ2q1, a13 = a31 = Q2 + jR2ϕ1q1, a23 = a32 = jR2ϕ1q2,

q1 = j(ϕ2Q1 − ϕ1Q2)/Z, q2 = jϕ2R1/Z, q3 = − jϕ1R2/Z,

Z =
1
3
ωϕ2

1ϕ2ϕ20R2
0 (

jη
κ1
−

ωρf
ϕ10

) − (ϕ2
2R1 + ϕ2

1R2),

and

d11 = − ρ11ω2 + jω(b1 + b2), d22 = − ρ22ω
2 + jωb1, d33 = − ρ33ω2 + jωb2,

d12 = d21 = − ρ12ω
2 − jωb1, d13 = d31 = − ρ13ω

2 − jωb2, d23 = d32 = 0 .

Only the fast P wave is used in this study, which corresponds to one root of Equation A10. According to the
following definition, one can computed the phase velocity and inverse quality factor (Carcione, 2022) as

VP = [Re(
k
ω
)]

− 1

,Q− 1
P =

2 Im (k)
Re(k)

, (A11)

where k is wave number.

In addition, for the simplified dynamic Equations 11a–11c established in this study, the equation for P waves is
(Carcione, 2022)

⃒
⃒
⃒
⃒
⃒

a 1́1k2 + d 1́1 a 1́2k2 + d 1́2

a 2́1k2 + d 2́1 a 2́2k2 + d 2́2

⃒
⃒
⃒
⃒
⃒
= 0, (A12)

where

a 1́1 = A + 2N − j(ϕ2Q1 − ϕ1Q2) q1,a 1́2 = a 2́1 = Q1 − jR1ϕ2q1, a 2́2 = R1 − jϕ2q2,

and

d 1́1 = − ρ11ω2 + jω(b1 + b2) , d 1́2 = d 2́1 = − ρ12ω2 − jωb1, d 2́2 = − ρ22ω2 + jωb1.
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tight sandstones shown in Section 5.2 can be found at He et al. (2025). The open source python package PyTorch
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