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Energy balance of a drill-bit seismic source, part 1:
Rotary energy and radiation properties

Flavio Poletto1

ABSTRACT

An issue in seismic-while-drilling (SWD) technology
is to characterize the dynamic and radiation proper-
ties of the drill-bit source working under different op-
erational conditions. The energy requirements, power
losses, local crack effects, radiation, and near-field ef-
fects associated with rotary drilling are analyzed to
quantify the waves produced by an SWD vertical force
acting in bounded and unbounded media. Results are
expressed in terms of a complex integrated impedance
and the equations for rotary drilling. The calculations —
extended to the waves in the drill string — are used in
part 2 of this paper (Poletto, 2005, this issue) to quantify
the performance of actual drill-bit sources.

INTRODUCTION

The basic idea of the drill-bit seismic method is to use the
drill bit as a source for while-drilling reverse vertical seismic
profiling (VSP). The motivation and principles of the drill-bit
seismic-while-drilling (SWD) technology have been described
in several papers (e.g., Staron et al., 1988; Rector and Marion,
1991; Haldorsen et al., 1995; Miranda et al., 1996). Recently,
interest has grown in the performance of the working drill-
bit source to improve seismic-while-drilling VSP acquisition
during poor drilling conditions (Poletto et al., 1997) and in us-
ing the drill-bit signal for downhole geosteering investigations
(Lesso and Kashikar, 1996; Hokstad et al., 2001).

A main issue is the repeatability and controllability of the
drill bit as a downhole acoustic source. In fact, drilling is per-
formed with a large variety of configurations of mechanical
drilling equipment, operational parameters, and geophysical
settings that may change the properties of the radiated sig-
nal. For these reasons, the drill-bit method requires control of
the acquisition conditions that characterize the effective ap-
plicability of SWD, as well as the properties of the radiated
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signals. Methods based on signal-to-noise analysis (Haldorsen
et al., 1995) and evaluation of statistical properties of the sig-
nal (Poletto et al., 2000) can help while-drilling quality control.
However, it is common practice in SWD surveys to control
and choose the acquisition parameters on the basis of expe-
rience, rather than on specific criteria, accounting for the dy-
namic conditions at which the drill-bit source is used. Hence,
a more analytic approach is necessary to describe the behav-
ior and to calculate the performance of the bit source. This
new approach needs to be based on understanding the rotary-
drilling process and the properties of the radiated fields.

Rotary drilling is the conventional technique used to exca-
vate oil wells. This technology is extensively described in the
drilling literature (e.g., Moore, 1986; Devereux, 1998). The
process of breaking the rock is performed by the drill bit,
which is mounted at the end of a drill string and lowered
into the borehole (Figure 1a). The mechanical composition
of the drill string as well as the SWD waves propagated in
the drill string have been described, for instance, by Poletto
et al. (2001). In the rotary action, by loading part of the drill-
string weight, the bit is pushed against the rock, and is then
rotated. Rotation can be provided by surface devices that ro-
tate the drill string and/or by downhole motors or turbines hy-
draulically powered by the pressured mud flow in the pipes.
Downhole motors can be used either with or without surface
rotation (in rotary and sliding modes, respectively). The rotary
energy imparted to the bit is expended in the rock-breaking
action with the penetration rate monitored for drilling opti-
mization. At the same time, part of this energy is radiated in
the form of vibrations in the surrounding rock.

In part 1 of this paper, I consider the main energy require-
ments for drill-bit vibrations to be an effective seismic source.
In part 2, I describe possible drilling conditions, together with
the dynamic characteristics of bit sources and their frequency
content. Calculations show that a drill-bit seismic source pro-
duces sufficient radiated energy while drilling intervals of a
few meters and that the frequency bandwidth of the signal is
broad, indicating that the drill bit can be used in SWD surface
and downhole applications.
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T14 Poletto

Part 1 of this paper is organized as follows. First, I introduce
the basic equations of rotary-drilling energy. Second, I analyze
the energy requirements and energy balance of the different
processes involved in rock drilling. Third, I calculate the drill-
bit radiation properties and the integrated-impedance condi-
tions, assuming an axial source. Finally, I compare the results
calculated by the drilling equations to the near-field vibrations
and drill-string vibrations.

TOTAL DRILLING POWER

The performance of a drill-bit source is related to drilling-
power conditions met during data acquisition. The total
drilling power at the bit can be calculated by adding the torque
power and the vertical work-per-unit time of the axial force
(weight on bit, or WOB). We obtain the power (in kW):

Wdrill = 2πrpm × TOB
60

+ ROP × WOB
3.6 × 103

, (1)

where rpm (rev/min), TOB (kNm), ROP (m/hour), and WOB
(kN) denote rotary speed, torque on bit, rate of penetration,
and weight on bit, respectively. Table 1 shows typical values
of these drilling parameters. If we assume rpm = 120 rev/min,
TOB = 6 kNm, ROP = 10 m/hour, and WOB = 98 kN

Figure 1. (a) Drilling rig and drill-string layout. The rotating
bit at the bottom of the drill string fractures the rock. Rotation
is imparted using a surface rotary system (rotary table or top
drive) and/or (jointly or alone) downhole motors (or turbines)
inserted in the bottom-hole assembly (BHA). Mud flows in
the drill string, is ejected at the bit, and returns to the surface
through the annulus. (b) Vertical (axial) force model of the
drill bit source.

Table 1. Realistic ranges for drilling parameters.

Parameter Minimum
Typical
average Maximum

Torque (Nm) 1000 3000–6000 15 000
rpm (rev/min) 60–80 120–180 500
WOB (kN) 0–1 100–200 300
ROP (m/h) 0–1 10 300

(10 tons), we obtain the total drilling power Wdrill = 75.4 +
0.272 ∼= 75.7 kW. In this example, total energy expended dur-
ing one minute of drilling is ≈ 4.5 MJ and total energy ex-
pended during one hour of drilling (corresponding to 10 m of
bit descent) is ≈ 272 MJ. Notice that the only term that con-
tributes substantially to the drilling energy in equation 1 is the
rotary power (first term on the right-hand side), which is trans-
formed ultimately into the drilling action of the bit pushed
against the rock by the weight on the bit.

When calculating the drill-bit power by equation 1, it is im-
portant to determine the downhole drilling parameters cor-
rectly. In general, surface measurements differ significantly
from measurements made at the bit location (Falconer et al.,
1989). The magnitude of surface torque can be several times
the value of the downhole torque applied on the bit, and the
downhole WOB may differ from the WOB calculated at the
surface.

Energy losses for drill-string torque friction

In the rotary-drilling mode (i.e., with drill-string rotation),
torque friction is the main cause of surface-power loss, and
surface measurements are not representative of torque power
at the bit. Torque loss is caused by friction between the ro-
tating drill string and the wall of the borehole and by mud
viscosity. The decay of torque in the rotating drill string
can significantly alter the values of surface and downhole
drilling energy. Where while-drilling downhole measurements
(MWD) are not available, raw values of the downhole average
energy can be estimated by calculating torque losses or by as-
suming approximate trends on the basis of experimental val-
ues for torque friction. In deviated wells, where side forces are
important, torque loss may be determined using Coulomb’s
torque-friction coefficient ηrot — by definition, Coulomb’s fric-
tion coefficient is the ratio of friction force over the normal
force — defined as

ηrot = TORloss

Fs × rDS
, (2)

where TORloss is the torque loss over a drill-string element
of radius rDS, and Fs is the side force (such as the string-
gravity component) pushing the element against the wall of
the borehole. Values of the friction coefficient between 0.25
and 0.4 — which may correspond to cased- and open-hole con-
ditions, respectively — are generally accepted (Lesage et al.,
1988). In vertical wells, where side forces are assumed negligi-
ble, equation 2 is invalid for calculating torque losses caused
by drill-string and bottom-hole-assembly (BHA) contacts with
the wall of the borehole (see, for example, Poletto et al., 2001).
In this case, torque losses may be estimated by relating ref-
erence measurements made at the surface (at the rotary mo-
tor) to those made downhole (at the bit) (Cunningham, 1968).
Falconer et al. (1989) show an example in which the surface
torque was twice the bit torque when a stabilizer entered a
new, shallow formation drilled by a vertical well. Furthermore,
in deep vertical wells, rotary friction effects caused by drilling-
mud viscous damping are also important. Eronini et al. (1982)
evaluated cases of reductions in torque by 75% for typical
wells.
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Effects of drag friction

Coulomb’s drag-friction coefficient is defined as (Falconer
et al., 1989)

ηdrag = WOBloss

Fs

, (3)

where WOBloss is the weight loss for drag-friction effects over
the drill-string element, subject to side force Fs . Weight losses
for drag friction cause decreases in the effective WOB mea-
sured downhole relative to the WOB measured at the sur-
face. This effect is important for deviated and horizontal wells.
Falconer et al. (1989) measure while drilling the drag (also
torque) loss over the drill string and calculate the average
drag-friction coefficient from the MWD tool to the rotary ta-
ble. This effect is generally less than 10% in the rotary mode
(i.e., with drill-pipe rotation). However, static drag friction in
the sliding mode (i.e., without drill-pipe rotation) is higher. In
the static condition (sliding mode), drag friction may increase
from less than 10% to 20–40% when a turbine or downhole
motor is used without pipe rotation. This affects the calcu-
lation of the effective WOB and also can lead to a loss of
SWD signal transmission through the drill string in vertical
wells (Poletto and Miranda, 1998). Because the drilling energy
expended by vertical-axial force is low when compared to the
rotary energy (equation 1), the drag-friction effect can be con-
sidered negligible in computing the total energy expended for
drilling. However, this effect cannot be considered negligible
when the axial force actually exerted on the bit (WOB) is used
to calculate the radiated energy, as we shall see.

Downhole motor drilling

When downhole positive-displacement motors (PDM) or
turbines are used alone or in addition to surface-rotary
drilling, the downhole rpm, hydraulic power, and efficiency to
produce mechanical power can be obtained from their per-
formance specifications. These are expressed as functions of
mud’s flow and specific gravity (Gabolde and Nguyen, 1999).
Also, in this case, rotary power can be expressed in terms of
torque and total rpm at the bit.

ENERGY REQUIRED TO DRILL
A UNIT VOLUME OF ROCK

In the following section, I consider the energy required by
the bit to drill the rock, disregarding energy losses caused by
drill-string friction, as well as damping caused by the presence
of drilling mud. The expended energy can be expressed by the
concept of specific energy, which is used in drilling literature
for bit selection (Rabia, 1985) and evaluation of drilling con-
ditions. This concept can be defined in relation to the total
drilling power given by equation 1 as

ES = 3600 × Wdrill

AB × ROP
, (4)

where AB is the borehole area. ES represents the energy re-
quired at the bit to drill a unit rock volume and has the phys-
ical dimensions of a stress. Pessier and Fear (1992) point out
that the minimum (optimal) specific energy is reached when
ES is roughly equal to or approaches the compressive strength
σ of the rock being drilled, which is defined as the strength at

which rock failure (as determined by laboratory triaxial load-
ing tests) occurs. In other words, specific energy higher than
σ should be related to energy dissipation and to a nonoptimal
choice of drill bit for a given type of rock, or to the use of
damaged and worn bits that produce low rates of penetration.

Simon (1963) analyzed the energy balance in percussive
rock drilling and concluded that the expenditure of energy re-
quired to drill a unit volume of rock (i.e., ES) is a quantity that
varies from approximately 35 MPa to approximately 700 MPa.
In his analysis, he assumes that the magnitude of this energy
is roughly twice the compressive strength of the rock (as mea-
sured by a uniaxial loading test); he indicates also that it may
range from roughly the same to several times the rock com-
pressive strength, σ .

ENERGY BALANCE IN ROCK FRACTURE

Drilling energy is expended in different ways during the
drilling process, and several effects are produced by a work-
ing bit. The principal and desired effect is breaking of the rock.
Another effect is the emission of vibrations propagating in the
surrounding formation, drilling plant, and borehole. Other ef-
fects are related to the dissipation of energy in the form of
heat caused by the action of the drill bit and the friction of
the pipes rotating in the borehole. The latter effect can be
assumed negligible when considering only the friction of the
rotating bit against the wall of the borehole (Falconer et al.,
1988). Let Wdrill be the total drilling power of equation 1. It
can be represented as

Wdrill = Wbreak + Wheat + Wvibr, (5)

where Wbreak, Wheat, and Wvibr are the power used to gener-
ate the rock fragments, the heat dissipated, and the vibration
power, respectively. The balance of energies involved in rock
fracturing is discussed in detail by Simon (1963). In his analy-
sis, Simon considers the following main energy requirements
for fracturing rock.

New-surface energy (Wbreak)

This is defined as the energy expended when a complemen-
tary pair of new free surfaces is formed. This energy corre-
sponds to the work done against the cohesive forces that hold
the material together. Simon uses Griffith’s criterion (Jaeger,
1969) for brittle failure to calculate the new-surface energy in-
volved in crack propagation under different tensile and com-
pressive loading conditions. He estimates that this energy rep-
resents less than 1% of the total energy required to drill the
rock. However, the evaluation of other authors indicates that
this fraction is higher. For instance, Bernabe and Brace (1990)
estimate it to be 1% to 10%, and Olgaard and Brace (1983)
estimate the new-surface energy to be as much as 20% of the
total energy (A. Gangi, personal communication, 2002). This
effect is represented by Wbreak in power equation 5.

Elastic-strain energy (Wheat)

Because it is impossible to give only the new-surface sep-
aration energy, “the best that can be done in practice is to
apply repeated concentrated loadings on successive portions
of the exposed rock at the bottom of the hole” (Simon, 1963,
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p. 299). This action results in a system of distributed strain
that would be favorable for breaking rock fragments. Somer-
ton et al. (1961) use a photostatic system in laboratory tests
to measure the permanent strain caused by cyclic loading on
rock specimens drilled with roller bits. These researchers show
that the stress/strain relations are nonlinear and dependent
on past stress history and loading rate; consequently, the dy-
namic Young’s moduli (of rocks altered by the cyclic loading)
are substantially greater than Young’s moduli determined by
static tests.

By analyzing the different modes of tensile and compres-
sive loading, Simon (1963) calculates that after failure has oc-
curred, most of the elastic energy stored up to the point of
failure is dissipated in “stress-wave initiated vibrations.” He
assumes that the rapid release of loads at the faces of the
propagating crack following failure produces stress waves that
are reflected back and forth between the fragments of the
medium and soon dissipate into heat energy. So, despite the
name “elastic strain” given by Simon (1963, p. 300) to this en-
ergy component, in my analysis this effect should contribute
greatly to Wheat. Maurer (1965) analyzes friction in shear fail-
ure of rock under compression. Shear failure predominates in
drilling because it is difficult to produce tensile stresses un-
der the high compressive stresses of the earth. Friction in rock
fractures produces heat — temperatures close to the melting
temperature were measured at the rock fracture surface. It has
to be stressed that the mechanical process of drilling requires
the expenditure of heat-dissipated energy, which is “as nec-
essary as . . . the new-surface energy,” as Simon (1963) points
out. Excess heat energy, which is affected by bit selection, hy-
draulics, pressure, and mechanical and drilling conditions, can
be evaluated by using specific energy. Pessier and Fear (1992)
suggest that excess heat generated per unit volume of removed
rock is proportional to the difference in the specific energy ES

(equation 4) of two bits drilling at different ES levels. The dif-
ference in heat energy per unit volume of drilled rock is

H = C(ES2 − ES1). (6)

If H and ES are measured in cal/m3 and pascal, respectively,
we have C = 0.239 cal/J. Pessier and Fear (1992) use spe-
cific energies ES1 = 280 MPa and ES2 = 560 MPa for two
bits with diameters of 12 1

4 in., both drilling at a penetration
rate of 6 m/hour. We obtain a difference in drilling power of
about 35 kW, which corresponds to a difference in heat drilling
power [i.e., H × (ROP/3600) × (borehole area)] of about 8370
cal/s. This amount of power, as pointed out by Pessier and
Fear (1992), is certainly not negligible when compared to the
total drilling power; see the example calculated after equation
1 in which the total power is 75 kW.

Stress waves produced in loading and unloading (Wvibr)

In the title of this paragraph I have substituted the origi-
nal term dissipated used by Simon (1963), with produced, be-
cause it defines the energy radiated out as stress waves in the
far-field, that is, the drill-bit signal energy. It does not include
the elastic energy temporarily stored in the near-field nor the
energy of inelastic deformation in the rock close to the bit.
Simon (1963) (see also Hunter, 1957) calculates the energy of
the waves radiated for a concentrated loading on the surface

of a semi-infinite medium (horizontal half-space) to simulate
the axial (vertical) action of a bit chisel struck by a weight.
After Miller and Pursey (1954), Hunter (1957) calculates the
radiation of energy in the form of elastic waves generated by
a transient localized force acting normally to the free surface
of a semi-infinite solid. This result is applied to the collision of
a small body with the plane surface of a massive specimen in
the Hertz equation, which takes no account of the dissipation
of energy (see Love, 1944). Starting from Hunter’s analysis,
Simon (1963) calculates the total energy radiated during load-
ing by integrating the power from zero up to the time t0 at
which the maximum loading force occurs. This gives

ER = fH(ν)
1
Yc

∫ t0

0

(
dF

dt

)2

dt, (7)

where F is the loading force; c = (Y/ρ)1/2 and Y are the the-
oretical thin-rod (bar) velocity and Young’s modulus, respec-
tively, of the rock of density ρ; ν is the Poisson’s ratio of the
medium, and fH(ν) is a function slowly varying with respect to
ν, which can be expressed as

fH(ν) = 2β(ν)(1 + ν)
π

√
1 − ν2

1 − 2ν
. (8)

The function fH(ν) approximatively equals 0.6 in a Poisson’s
medium, where ν = 0.25 and β (0.25) = 0.5347 (see Hunter,
1957, equations 17 to 20). This theoretical calculation is per-
formed by assuming that the dimensions of the region de-
formed inelastically are small compared with the dominant
wavelength of the produced wave. By assuming the model of
a dropping weight to simulate the indention impact of a cone
tooth, Simon (1963) shows that the ratio between radiated en-
ergy, ER, and the impact energy, E0, during loading can be
expressed as

ER

E0
= fH(ν)

(
π2

2

)(
K

Y

)(
l

ct0

)
, (9)

where K is a constant of proportionality between force per
unit chisel length versus displacement (it has the physical di-
mensions of a stress), and l is the length of the chisel edge.
In his calculations, Simon (1963) assumes (K/Y ) ≈ 10−2, l =
1 in., and t0 = 2 ms, and he obtains values on the order of
10−4 for the ratio ER/E0 between the energy radiated and the
total energy of the loading process. Moreover, he estimates
that the stress-wave energy produced on the unloading of a
roller-cone tooth (see part 2 for a description of different bits)
would be about three times higher than that resulting from the
loading process. This difference is caused by the tooth mov-
ing out of engagement with the rock faster after a rock chip
has been broken out as a consequence of the loading pro-
cess, because it has a shorter distance to travel when disen-
gaging. In his calculations, Simon (1963) assumes that the load
force would be released more rapidly, (dF/dt)2 would be nine
times greater, t0 three times smaller, and ER should be about
three times the energy radiated during loading. Similar values
may be estimated when considering the simultaneous action
of more teeth indenting the rock. For example, in a working
roller bit, the number of rows of teeth NT that bear the load
at any one time is typically from 1 to 4 (Burgess and Lesso,
1985), and the total chisel length l consequently increases.
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The basic concept of equation 7 is that the power radiated in
the medium is proportional to the square of the instantaneous
variation of the loading force F, i.e., (dF/dt)2. This is a key
point in understanding the behavior of the drill-bit source and,
in general, of vibrating sources. From this concept, it follows
that another force having equal maximum magnitude of F and
acting with twice the rate in a time interval of half the du-
ration produces double radiated energy. In other words, for
equal maximum magnitude, high-frequency, abrupt, and ir-
regular discontinuous changes are more important than reg-
ular and slow periodic action of the bit force. The structure
and drilling action of roller-cone bits, as well as of polycrys-
talline diamond compact (PDC) bits, is described in more de-
tail in part 2 of this paper, in Hardage (1992) for SWD with
roller-cone bits, and in the drilling literature (e.g., Bourgoyne
et al., 1991; Devereux, 1999). Analysis of the theoretical forces
for an idealized roller bit shows that the chipping action of
the teeth wedges is a primary cause of discontinuity of verti-
cal, horizontal, and torque forces when a tooth moves out of
contact with the rock (Biggs et al., 1969). Examples of unload-
ing rates, which are about 5 times faster than loading rates,
are shown by Sheppard and Lesage (1988), who measure the
forces at the teeth of a drilling roller-cone bit. In these condi-
tions, higher unloading energy ratios, on the order of 10−3, can
be expected. After Simon (1963), several other authors calcu-
late theoretically and analyze the kinematic and dynamic be-
havior of drill bits using laboratory and field measurements.
These results are analyzed in part 2 of this paper, which de-
scribes the performance of different types of drill bits.

Finally, Simon (1963) calculates that, during the sporadic
propagation of rock cracks, ER/E0 can be 0.1, or closer to
unity, and that high-frequency energy is involved during these
“catastrophic” events. This high-frequency energy accounts
for the local-heat dissipation of elastic-strain energy. He con-
cludes that the energy of the radiated waves is a negligible
fraction of the total energy and does not substantially affect
drilling efficiency. Table 2 summarizes Simon’s (1963) results.
However, these results may be underestimated in the evalu-
ation of new-surface energy, which may be, if we assume the
opinion of other authors, 10% or more of the total drilling en-
ergy expended by the bit.

For SWD purposes, we have to determine the contribution
of total energy expended during long drilling intervals, such
as those used for SWD acquisition. This total energy can be
very high. Hence, the low relative value of drill-bit energy ra-
diated into stress waves becomes important, and its cumula-
tive contribution is comparable to that of conventional seismic
sources. In our analysis, the energy of the waves radiated into
the rock contributes to Wvibr. Simon’s (1963) results in equa-

Table 2. Simons’s (1963) drilling-energy balance
(source at the surface).

Type of energy expenditure
Fraction

(%)

New surface ∼1
Elastic strain into local (“necessary”) heat ∼99
Radiation (far-field) ∼10−4

Total 100

tions 7 and 9 include only (body and surface) waves radiated
into the rock, and they are in agreement with the analysis of
impedances, for which — with equal excitation force F — the
energy radiated into the rock decreases in the presence of hard
rocks, i.e., with high values of Yc in equation 7. However, we
must take into account that the previous results are calculated
for a source acting on a free surface, not for a source buried
in an infinite, unbounded medium. It can be shown that, if we
assume a harmonic force in equation 7, and using equation 8
we calculate the radiated power over a loading period, we ob-
tain the same total power (given by η = 4.836 in equation 23 of
part 2) as calculated by Miller and Pursey (1954) for radiation
from a pulsating vibrator plate (with uniform stress over the
baseplate) at the surface of Poisson’s half-space (Cassand and
Lavergne, 1971, p. 206). Furthermore, Simon’s (1963) analysis
does not include the significant part of the energy transmit-
ted into the drill string and borehole. We will see later that
partitioning of the energy produced by the drill-bit displace-
ment source in the form of waves radiated into the rock and
drill string is related to the reflection coefficient at the bit-rock
interface. This ratio is important for characterizing SWD sig-
nals because the energy level of the SWD data is commonly
obtained by geometric averaging of the coherent energy mea-
sured in the rock and drill string.

DOWNHOLE RADIATION (INFINITE MEDIUM)

To quantify the downhole bit–seismic-source energy, I de-
velop here the analysis of downhole vibrations in the rock
(infinite-medium approximation) and in the drill string as pro-
duced by a downhole force. The purpose is to compare the ra-
diated field to the vibration levels measured in the drill string.
The drilling literature provides several examples of theoreti-
cal calculations and experiments performed to measure drill-
bit forces. To take into account the dynamic behavior of the
bit, I have reformulated the half-space expression for the ra-
diated energy equation 7 on the basis of the drill-bit radiation
pattern in an unbounded, infinite, homogeneous, and isotropic
medium (Gangi, 1987). Assume, without loss of generality,
vertical drilling, and for simplicity, let the force exerted by the
bit be represented by the harmonic vertical component

F = F0 sin ωt, (10)

where ω = 2π/T is the angular frequency. In this approxima-
tion, I have not accounted for the gouging torsion; i.e., the SH
component measured, for instance, by Sheppard and Lesage
(1988) and Lesage et al. (1988), and included in the calcula-
tion of the roller-bit radiation pattern by Rector and Hardage
(1992) and, in finely stratified media, by Carcione and Carrion
(1992). Nor have I accounted for the lateral-force components
(Langeveld, 1992) of the point source (see part 2 of this paper)
and flexural borehole and string waves.

Now, consider an unbounded, homogeneous, and isotropic
medium in which a buried vertical force F given by equation
10 acts. The vertical-force model was proposed by Rector and
Hardage (1992) to calculate the radiation pattern of a working
roller-cone bit. This is a simplified source model, and I have
used the same approach here to calculate the far-field power
radiated in the formation (Figure 1b). Moreover, I have as-
sumed a vertical-reaction-force source to calculate the power
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transmitted into the drill string in the form of one-dimensional
axial waves and to calculate the partition of these energies.

Let us consider a wave f = f(ωt- kr) radiated in the far-field
with velocity c = ω/k, where ω is the radiation frequency, k =
2π/λ is the wavenumber, λ is the wavelength, and r is the ra-
dial distance from the point source. The far-field and near-
field concepts are explained by, for instance, Aki and Richards
(1980). The far-field approximation holds when r � c/ω (or
kr � 1), in which case the near-field and intermediate-field
terms — which decrease as 1/r3 and 1/r2, respectively — be-
come negligible. Rector and Hardage (1992) use the expres-
sions proposed by White (1965) [see also, Love (1944)] to rep-
resent, in a point located in the far-field, the displacement pro-
duced by a vertical force of time-law F(t) = F0 f(t), where F0

is a constant magnitude. The displacement components are
given in spherical coordinates as

ur = F0 cos φ

4πρα2r
f

(
t − r

α

)
,

uθ = 0,

uφ = −F0 sin φ

4πρβ2r
f

(
t − r

β

)
, (11)

where φ is the angle between the radius and the vertical axis,
θ is the azimuth angle (Figure 2), and α and β are the ve-
locities of compressional and shear waves in the formation of
density ρ. As pointed out by Rector and Hardage (1992), the
displacements ur and uφ represent the P and SV components,
respectively. Using the time-harmonic force of equation 10,
we obtain

ur = F0 cos φ

4πρα2r
sin ω

(
t − r

α

)
,

uφ = −F0 sin φ

4πρβ2r
sin ω

(
t − r

β

)
. (12)

Let the particle velocity be v = ∂u/∂t . The amount of en-
ergy transmitted per unit time across the unit area normal to
the wave direction of propagation (i.e., the energy flux) of a
wavefront radiated with propagation velocity cw is given by
Pw = ρcwv2 (Aki and Richards, 1980). This assumption holds
for harmonic waves propagating spherically in the far-field

Figure 2. System of spherical coordinates used to represent
spherical waves propagating from the bit. The vertical (or
drilling) axis is z.

condition kr � 1. We are interested not in the instantaneous
power, which depends on the instantaneous sine phase, but
in the intensity obtained by averaging the power flux per unit
surface over a period T = 2 π /ω. The average energy fluxes are
given for radial P and tangential SV components, respectively,
by

P̄r = 1
T

∫ T

0
ραv2

r (t)dt = 1
2
ραV 2

r ,

P̄φ = 1
T

∫ T

0
ρβv2

φ(t)dt = 1
2
ρβV 2

φ , (13)

where

Vr(φ) = ωF0 cos φ

4πρα2r
,

Vφ(φ) = ωF0 sin φ

4πρβ2r
, (14)

and where I have used the relations

1
T

∫ T

0
cos2 ω

(
t − r

α

)
dt = 1

T

∫ T

0
cos2 ω

(
t − r

β

)
dt

= 1
2
. (15)

Displacement and power-flux radiation patterns are shown in
Figure 3. The integrals of equation 15 depend on the square
of the time derivative of the force. In this case, the force is
sinusoidal, and the integrals equal 0.5. (However, we will see
in part 2 of this paper that by using a realistic indention force,
the integral can equal 1.5, i.e., three times higher.) The mean
value of the total energy flux during a period T, i.e., the total
average power radiated in the far-field (Kaufman and Levshin,
2000, p. 179), is calculated by integrating the intensity of P-
and SV-waves over the spherical surface of a wavefront with
an arbitrary radius r, so that we can take as large a value for r

Figure 3. Far-field radiation properties calculated assuming a
Poisson’s medium (i.e., where α2 = 3β2). Compressional P-
and shear SV-wave displacements are shown with the same
relative scale in Figures 3a and 3b, respectively. Compres-
sional P- and shear SV-wave power fluxes are shown with the
same relative scale in Figures 3c and 3d, respectively.
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as desired in order to satisfy the far-field condition kr � 1. We
obtain

Wr =
∫
S

P̄r(θ, φ)r2 sin φ dθ dφ

= 1
2
ραr2

∫ 2π

0
dθ

∫ π

0
V 2

r (φ) sin φ dφ,

Wφ =
∫
S

P̄φ(θ, φ)r2 sin φ dθ dφ

= 1
2
ρβr2

∫ 2π

0
dθ

∫ π

0
V 2

φ (φ) sin φ dφ, (16)

which gives, for compressional P- and shear SV-waves,

Wr = 1
6

ω2F 2
0

4πρα3
,

Wφ = 1
3

ω2F 2
0

4πρβ3
. (17)

INTEGRATED DOWNHOLE-RADIATION
IMPEDANCE

The impedance that a medium presents to a given motion
is a measure of the amount of resistance to particle motion
(Aki and Richards, 1980, p. 137). By definition, the radiation
impedance in elasticity is the ratio of stress to particle velocity.
In the far-field, it equals the acoustic impedance ρα and ρβ

for P- and SV-waves, respectively. If the radiation impedance
is complex, its real and imaginary parts are also called specific
acoustic resistance and reactance, respectively.

Because we are interested in the total powers radiated both
in the formation and in the drill string, we introduce integrated
impedances. Here, the term “total power” has the meaning of
integrated over the whole surface (of the spherical surface in
the formation or cross section in the drill string). To express
the radiated power in term of integrated resistance of the for-
mation to radiation at a given harmonic frequency, I have re-
formulated equations 17 by introducing an equivalent, “effec-
tive” radiation radius, which is defined for the compressional
P- and SV-shear waves by

R2
α = 1

Iαk2
α

,

R2
β = 1

Iβk2
β

, (18)

where kα = ω/α and kβ = ω/β. Iα and Iβ are the normalized
surface integrals of the unit energy-flux patterns calculated as

Iα = 1
4π

∫ 2π

0
dθ

∫ π

0
cos2 φ sin φ dφ = 1

3
,

Iβ = 1
4π

∫ 2π

0
dθ

∫ π

0
sin2 φ sin φ dφ = 2

3
. (19)

It can be observed that the equivalent radii Rα and Rβ are of
the same order of magnitude (of the dominant wavelength)
as the reference radii (r = k−1

α and r = k−1
β ) used to define

the limits between near- and far-field for compressional and
shear waves, respectively. By using Rα and Rβ the integrated
impedances can be expressed by the product of the radiation
impedances (or far-field impedances) and the effective areas

Aα = 4πR2
α and Aβ = 4πR2

β . We have

Zα = Aαρα = 12πα3ρ

ω2
,

Zβ = Aβρβ = 6πβ3ρ

ω2
, (20)

for the downhole P and SV radiated signals, respectively. The
integrated impedances of equations 20 have the dimension of
force over particle velocity (while the radiation impedance
has the dimension of stress over particle velocity). The vari-
ation of the integrated radiation impedances with frequency
(Zα,Zβ ∝ ω−2) is in agreement with the average radiation
impedance curves as calculated for a surface vibroseis source
by Baeten and Ziolkowski (1990). Hence, equations 17 can be
expressed in terms of force and global impedance as

Wr = F 2
0

2
1
Zα

,

Wφ = F 2
0

2
1
Zβ

. (21)

The form of equations 21 is preferable for comparing the
impedances of the radiated and drill-string energy because the
characteristic impedance in one-dimensional drill strings is de-
fined as the ratio of force over particle velocity, rather than
stress over particle velocity. Equations 17 are preferable for
calculating the power radiated by a known periodic force.

Total P + SV power radiated in the formation

The total power radiated in the formation is obtained by the
sum of the compressional- and shear-radiated powers as

WR = Wr + Wφ = 1
6

ω2F 2
0

4πρ

(
1
α3

+ 2
β3

)
. (22)

In terms of total radiation impedance, we have

WR = F 2
0

2
1
ZR

, (23)

where the total impedance is given by
1
ZR

= 1
Zα

+ 1
Zβ

. (24)

Assuming a Poisson’s medium, denoted by superscript (P ), we
have (α/β) = √

3, and

W
(P)
R = 1

6
ω2F 2

0

4πρα3
(1 + 6

√
3). (25)

In this case, the total P + SV radiated power produced by a
downhole sinusoidal force can be written as

W
(P)
R = F 2

0

2
1

Z(P)
R

≈ 0.151
ω2F 2

0

ρα3
, (26)

where

Z(P)
R = 12πρα3

ω2(1 + 6
√

3)
≈ 1

0.302
ρα3

ω2
(27)

is the radiation impedance calculated for the given Poisson’s
medium and frequency. Compared with equation 23 of part 2,
calculated for total radiation from a surface force, equation 26
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could be roughly interpreted in the following way: a given ex-
citation force energizes the half-infinite medium with approx-
imately twice the radiated power than the infinite one. From
equation 25, it follows that the total average compressional
P power is about 10% of the total radiated power. However,
when averaging the compressional power value of equation 17
over the spherical wavefront of area 4πr2 (in order to compare
it with the power of a pressure source of a spherical radiation
pattern), remember that the radiation power of the P compo-
nent produced by the force in the directions of the maximum
radiation (i.e., φ = 0, π) is three times its average power den-
sity. A comparison between drill-bit and conventional sources
is contained in part 2 of this paper. In the direction of maxi-
mum radiation, the maximum compressional power density at
radius r is

P (max)
r = 1

32π2r2

ω2F 2
0

ρα3
. (28)

Radiation from a nonsinusoidal force

In general, when assuming a force of arbitrary time law F(t)
acting in the time interval (0, T), we have to calculate the in-
tegrals

If = 1
T

∫ T

0

(
∂F

∂t

)2

dt, (29)

and multiply the previous power results by the scaling factor
2If(F0ω)−2.

NEAR-FIELD EFFECTS (AND COMPLEX
INTEGRATED IMPEDANCE)

Near-field energy consists of temporarily stored energy and
radiated energy. The radiated energy is the same as the far-
field energy. If we want to look at radiated energy at the geo-
phone traces, we need only the far-field. However, the near-
field effects are important to calculate pilot vibrations and the

Figure 4. The radii rα = 1/kα and rβ = 1/kβ define the near-
field/far-field for compressional and shear waves radiated
spherically from the bit. Assuming f = 30 Hz, α = 4200 m/s,
β = 2425 m/s, we obtain rα ∼ 22 m, and rβ ∼ 13 m. In the
near-field, particle velocity is the sum of components that are
in- and out-of-phase with stress. In the far-field, stress and par-
ticle velocity are in phase.

exchange of energy with the drill string, where a reference
pilot signal can measure propagating and stationary waves.
Moreover, to relate the rotary-drilling equations to the vibra-
tions in the formation close to the bit, we need to account for
the near-field effects. In fact, while the far-field terms domi-
nate in the far-field, the near-field terms are important in the
near-field (Aki and Richards, 1980, p. 119)(Figure 4). The gen-
eral expression of the total — near- and far-field — particle
displacements produced by a single vertical force F0f (t) in
an unbounded, isotropic, elastic solid is given as (White, 1965,
p. 214)

uT
r = F0 cos φ

4πρrα2

[
2α2

r2

∫ r/β

r/α

t ′f (t − t ′)dt ′ + f
(
t − r

α

)]
,

uT
φ = F0 sin φ

4πρrβ2

[
β2

r2

∫ r/β

r/α

t ′f (t − t ′)dt ′ − f

(
t − r

β

)]
,

(30)

for radial P and tangential SV displacement waves, respec-
tively. Assuming a harmonic force f(t) = sin ωt at the bit and
integrating previous equations (Love, 1944, p. 306), after some
calculations, we have (see also Pilant, 1979, p. 79)

uT
r = R0(R1 sin ωξα + R2 cos ωξα

+R3 cos ωξβ + R4 sin ωξβ),

uT
φ = S0(S1 sin ωξβ + S2 cos ωξβ

+ S3 cos ωξα + S4 sin ωξα), (31)

where ξα = (t − r

α
) and ξβ = (t − r

β
). The coefficients Ri and

Si (i = 0, 1, 2, 3, 4) are given in Appendix A. Note that only R0

and S0 depend on the angle φ and do not depend on the fre-
quency ω. In the far-field, R1 = 1 and S1 = −1, while the terms
with higher index are zero. Equations 31 can be rewritten in
terms of orthogonal sine and cosine harmonics as

uT
r = R0(Q1 sin ωt + Q2 cos ωt),

uT
φ = S0(Q3 sin ωt + Q4 cos ωt), (32)

where the coefficients Qi are given in Appendix A. For the
near-field condition (kαr < kβr � 1), the amplitude of the sine
over the cosine components Q1/Q2 and Q3/Q4 for radial and
transverse components, respectively, have large values. Ex-
panding the terms in powers of kαr and kβr , it can be shown
that in a Poisson’s medium (Figure 5) (Appendix A)

lim
kαr→0

∣∣∣∣Q1

Q2

∣∣∣∣ = 9

kαr(1 + 6
√

3)
� 1,

lim
kαr→0

∣∣∣∣Q3

Q4

∣∣∣∣ = 6

kαr(1 + 6
√

3)
� 1. (33)

Near-field axial displacement

If the single-force model is assumed to represent the bit
source at a point, r = 0 is a singularity for displacement. Be-
cause the real bit is not a point, I integrate the contribution
of the force distributed over its face. The knowledge of the
exact distribution of forces at the bit face is, in general, not
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available (Ma et al., 1995). To calculate the near-field effect,
I use the averaged (over the bit area) force, and assume that
the source is distributed uniformly over 0 < r < rb, where rb,
is the bit radius (that is, an ideal flat-bit model). Using equa-
tions 33 to calculate the phase of the harmonic displacements,
it can be shown that the ratios Q1/Q2 and Q3/Q4 may be on
the order of 102 at r = rb for realistic bits and formation prop-
erties and for frequencies ranging between about 15 to 50 Hz.
A comparable result can be obtained by calculating the axial
displacement at distance h in front of the bit, which is assumed
to be flat and subject to uniform axial stress distribution:

σ0 = F0

Ab
sin ωt, (34)

over the bit area Ab = πr2
b . In this approximation, I integrate

the contribution of the elementary areas to obtain the inte-
grated axial displacement at a point on the bit axis at distance
h from the bit face (Figure 6):

û =
∫

uz dA =
∫ 2π

0
dθ

∫ rb

0
(ur cos φ − uφ sin φ)ξ dξ

= �1 sin ωt + �2 cos ωt, (35)

where ξ and φ are the radial and angular variables of Figure 6,
and the coefficients �i are calculated separately for sine- and
cosine-wave components as

�1 = 2π

Ab

∫ rb

0
(R0Q1 cos φ − S0Q3 sin φ) ξ dξ,

�2 = 2π

Ab

∫ rb

0
(R0Q2 cos φ − S0Q4 sin φ) ξ dξ, (36)

Figure 5. (a) Amplitude of Q1 and Q2 near-field radial dis-
placement components as kα r → 0 in a Poisson’s medium; (b)
ratio of −Q1/Q2 calculated for realistic formation and r = rb

and frequencies ranging from 16 to 46 Hz. (c) Amplitude of Q3
and Q4 near-field radial displacement components as kαr → 0.
(d) Ratio of −Q3/Q4.

where I used equation 34. It can be shown that

lim
h→0

�1 = C0rb,

lim
h→0

�2 = −C0rb
kαrb(1 + 6

√
3)

12
, (37)

where C0 = F0/(Abρα2) and where I have used the near-field
approximation for the coefficients Qi and the fact that the ap-
proximations of Q2 and Q4 depend on r (Appendix A). We
have

lim
h→0

∣∣∣∣�1

�2

∣∣∣∣ = 12

kαrb(1 + 6
√

3)
� 1. (38)

The integrated result in equation 38 is obtained at the bit face
(h→ 0) and is of the same order as those we obtain if we use
r = rb in equations 33 for a point force. In other words, the ax-
ial displacement at a position very close to the bit source has
a phase close to that of the force, as it is composed of a sine
wave of magnitude |�1|(� |�2|) and a cosine wave of magni-
tude |�2|(� |�1|). The phase of the near-field axial displace-
ment is

ϕ(ω, α, rb) = arctan
[
− 12

kαrb(1 + 6
√

3)

]
≈ −π

2
, (39)

for seismic frequencies (kαrb ∼ 100−1). This gives

cot ϕ = −kαrb(1 + 6
√

3)
12

≈ −0.95kαrb, (40)

with cot ϕ ≈ cos ϕ for kαrb � 1. The phase ϕ is used in
the following to calculate in- and out-of-phase stress-velocity
relations.

Energy flux and near-field effects

The phase ϕ determines the magnitude of vibrations in-
phase and out-of-phase with force. This analysis is used to de-
termine not only the radiated energy (far-field waves) but also
the energy interchanged between the formation and the bit
(as part of the drill string) for near-field effects. The particle
velocity in terms of sine and cosine waves in the near field is

Figure 6. System of coordinates used to calculate displacement
in front of an ideal flat bit: ξ is the radial distance from bit cen-
ter and h is the distance of the point ahead of the bit in which
the axial contribution from radial and tangential components
is summed.
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given by (equation 33)

vr = ∂ur

∂t
= ωR0(Q1 cos ωt − Q2 sin ωt)

≈ ωR0Q1 cos ωt,

vφ = ∂uφ

∂t
= ωS0(Q3 cos ωt − Q4 sin ωt)vφ

≈ ωS0Q3 cos ωt, (41)

while in the far-field (kαr � 1), we obtain again the propa-
gating waves of equations 12. The integrated axial velocity is
calculated from equation 35 as

v̂ = ∂û

∂t
= ω�1 cos ωt − ω�2 sin ωt. (42)

From equations 37 we have

v0 = lim
h→0

v̂ = F0kαrb

Abρα

[
cos ωt + kαrb(1 + 6

√
3)

12
sin ωt

]
.

(43)

We can calculate the instantaneous energy flux at the bit axis
using

σ0v0 = F 2
0 kαrb

A2
bρα

(cos ωt sin ωt − cot ϕ sin2 ωt), (44)

where I have used equations 34 and 40. To determine the work
done by the source, I multiply by the bit area and average over
a period T = 2 π/ω to obtain the average power:

Abσ0v0 = −F 2
0 kαrb

2Abρα
cot ϕ = W

(P)
R , (45)

which equals the total radiated power in a Poisson’s medium
(equation 25). Only the second — and very small amplitude —
term of equation 44 contributes, on average, to energy expen-
diture; this is the energy of the far-field wave radiation. Con-
trarily, the cos ωt component of particle velocity is orthogonal
to the force, which has a sin ωt time dependence. The contri-
bution of this component to the average power over a period
T is zero. This near-field term has higher amplitude and rep-
resents the energy continuously and locally interchanged be-
tween source and formation.

Complex integrated impedance

I reformulate the definition of the integrated impedance to
include the near-field effects. Because the stress in the prox-
imity of the bit is a sine wave (see also Somerton et al., 1961),
to obtain particle velocity by superposition of sine and cosine
waves, a complex impedance has to be used (Lutz et al., 1972;
Clayer et al., 1990). In Appendix B, I calculate the complex
near-field integrated impedance over the bit area (using the
σ0 and v0 complex) as

Zb = Abσ0

v0
= −Abρα

kαrb
(cos ϕ sin ϕ + ı sin2 ϕ), (46)

and relate the near- and far-field integrated impedances. The
total integrated impedance of equation 27 can be expressed as

Z(P)
R = −Abρα

kαrb
tan ϕ, (47)

which gives

Zb = Z(P)
R (cos2 ϕ + ı cos ϕ sin ϕ). (48)

Note that the real part of the acoustic impedance of equation
B-7 is close to the impedance at the bit (Abρα), as calculated
by Poletto et al. (2000) in the plane-wave approximation with-
out accounting for the complex near-field effects.

ENERGY BALANCE IN TERMS
OF DRILLING PARAMETERS

Assuming that the interacting process between a bit and
rock during drilling is a stable random process (Ma et al.,
1995), one way to obtain information about the expended
energy is to relate the average drilling action and the main
drilling parameters. Falconer et al. (1988) introduce dimen-
sionless drilling parameters as diagnostic indicators to sepa-
rate the lithology effects from drilling mechanics data. These
are the dimensionless downhole torque and rate of penetra-
tion, defined as:

Dimensionless torque

Rotary drilling converts the load on the bit into indention
and gouging forces that produce a momentum of torque resis-
tance to rotation proportional to the bit diameter. Hence, the
dimensionless torque is defined as

TD = TOR
WOB × D

, (49)

where D = 2rb is the bit and borehole diameter.

Dimensionless rate of penetration

The rate of penetration is ideally proportional to the bit ro-
tary speed, rpm, and the dimensionless rate of penetration is
defined as

RD = ROP
rpm × D

. (50)

Falconer et al. (1988) analyzed the torque drilling model
by adopting an energy-balance approach, calculating the rela-
tion between the work per revolution produced by the down-
hole torque and the vertical (axial) distance xp penetrated and
gouged by the bit. They assumed that the friction of the bore-
hole walls against the rotating bit is negligible. To evaluate
the relation between vertical force and rotary drilling, they as-
sume that the force F per unit width needed to push a sharp
tooth into the rock is proportional to the maximum cross-
sectional area embedded in the rock, hence

F (xp) = σp tan �xp, (51)

where xp is the depth of penetration and � is the tooth semian-
gle for roller-cone bits, or the rake angle (see part 2) for poly-
crystalline diamond compact (PDC) bits. The constant σp has
the dimension of a stress that represents the in-situ rock hard-
ness (or penetration strength, not to be confused with rock
strength as calculated by uniaxial load tests; however, the au-
thors have pointed out that it can have an equivalent meaning
in brittle fracturing). The work done vertically by an indention
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force is calculated by integrating F (xp) from 0 to xp and is pro-
portional to x2

p. The work of the transverse gouging action
is assumed proportional to depth penetration xp. The total
torque energy per unit revolution frequency (i.e., ωrev = 2π)
can be expressed as the sum of the gouging and indention
terms

2πTOR = b4 × τxpD2 + b5 × σpx
2
pD, (52)

where b4 and b5 are constants used by the authors and depend
on the bit properties and number of impacts per revolution.
The constant τ has the dimension of a stress and represents the
in-situ rock shear strength. The first term, linear in xp on the
right side of equation 52, corresponds to the work expended
in gouging. The second term, quadratic in xp, corresponds to
the work expended in pushing the bit teeth into the formation
in a single revolution. The frequency of the torque energy per
unit revolution of equation 52 can be rewritten in implicit form
with respect to xp and in terms of the dimensionless drilling
parameters given by equations 49 and 50 as

TD = b6 × (τ/σp) + b8 × RD
1/n, (53)

where b6 and b8 are dimensionless constants of proportional-
ity used by Falconer et al. (1988). The constants b6 and b8 ac-
count for the gouging and indenting bit action, respectively.
The integer n relates the dimensionless rate of penetration
to xp, being TD ∝ (xp/D)n. Usually, n is equal to 1 or 2, de-
pending on the average crater geometry (possible superposi-
tion of craters created by different teeth). Equation 53 is as-
sumed valid both for roller-cone and PDC bits. The constants
b6 and b8 have been discussed in detail by the authors. For
instance, the indention coefficient can be assumed to be b8 =
0.08 for a milled-tooth roller cone (see part 2). Because di-
mensionless torque and rate of penetration can be measured,
it follows from equation 53 that it is possible to calculate the
relative value of vertical (or axial) indention energy with re-
spect to the total rotary energy (TD). In general, the second
(indention) term is small compared to the first (gouging) term
of the torque equation. Once the penetration energy involved
in rock fracturing has been calculated, we have to calculate
which part of the work done by the vertical-axial force corre-
sponds to elastic radiated energy.

Sheppard and Lesage (1988) analyze the forces at the teeth
of a drilling roller-cone bit (see part 2). They observe that
higher torque values caused by vertical indention and ROP
correspond to weaker rocks. They observe also that part of the
work expended to indent the vertical distance xp is restituted
in the form of elastic energy and results in a partial retrac-
tion of the rock, once the force of the retracting indentor has
dropped to zero. They observe a rock retraction δx caused by
an elastic restitution with a slope corresponding typically to a
relative reduction of ≈ 1/5 of xp, i.e., (Figure 7) δx (xp) ≈ xp/5.
Neglecting local permanent deformation effects, I have as-
sumed that the indention from 0 to xp corresponds to the ac-
cumulation and restitution of elastic energy during the inden-
tion process. I have also assumed that the force and elastic
deformation are approximately in phase. The vertical force ex-
erted by the bit tooth is assumed proportional to xp. According
to results of the complex-impedance analysis, the near-field
phase of particle velocity can be expressed by a cos ϕ̃ factor,
where the symbol ϕ̃ means that the phase is averaged over

the range of frequencies of the signal. I assume that the am-
plitude of the vibration in phase with force is a fraction cos ϕ̃

of the elastic restitution δx at the completion of the deforma-
tion and relaxation process, which is of magnitude δx = xp/5.
The elastic-radiated power produced by the vertical action of
the teeth can be estimated by substituting (x2

p/5) cos ϕ̃ in place
of x2

p in the rotary-drilling equation 52. With these assump-
tions, the elastic power produced by the vertical force approx-
imately equals 0.2 cos ϕ̃ times the vertical indention power, in
which a part of the rotary-drilling energy is transformed. This
part is calculated from rotary-drilling equation 53 expressed in
terms of drilling parameters, in which the ratio of the inden-
tion power to the total power is b8R

1/n

D /TD. Finally, the power
of elastic vibration produced by the vertical force in the for-
mation can be expressed in terms of the rotary equation as a
fraction of the rotary power by

WR ≈ 0.2
b8R

1/n

D

TD

2π × TOB × rpm
60

cos ϕ̃, (54)

or, by using only the dimensionless parameters,

WR

Wdrill
≈ 0.2

b8RD
1/n

TD
cos ϕ̃, (55)

where I have approximated the torque-rotary power as the to-
tal drilling power of equation 1. Equations 54 and 55 relate
the average drilling conditions to local effects and the expen-
diture of elastic energy radiated from the bit assumed as a ver-
tical source. The radiation model does not include transverse
components, which are accounted for in the drilling equations.
Moreover, the approach has the limitation that the experi-
mental restitution value of xp/5 is obtained while drilling rock
specimens in the laboratory. The restitution occuring during
full-scale drilling may be very different, and it is difficult to
measure. Finally, the approach has the disadvantage that eval-
uation of the drilling-bit constant (b8) may involve laborious
analysis of drilling data sets and crossplots of drilling param-
eters with different bit types. Nevertheless, let us assume a
milled roller-cone bit with b8 = 0.08, n = 2 (as recommended
by Sheppard and Lesage, 1988), ROP = 10 m/hour, TOB =
6 kNm, WOB = 98 kN, rpm = 120 rev/min, and D = 12 1

4 in.
We obtain from equations 55 and 38, for a 30-Hz source in a
Poisson’s formation of compressional velocity, α = 4200 m/s
(tan ϕ̃ ≈ 150), WR/Wdrill ≈ 0.2 × 0.0272 × cos ϕ̄ ≈ 0.36 × 10−4.
This value is in agreement — in order of magnitude — with
the result ER/E0 calculated by Simon (1963).

Figure 7. Penetration in rock, i.e., vertical indention distance
xp and elastic restitution δx of displacement during a roller-
cone tooth-indention process (modified after Sheppard and
Lesage, 1988).
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PARTITION OF THE BOREHOLE
AND RADIATED ENERGY

To analyze the partition of the radiated energy for SWD
purposes, we have to consider also the energy transmitted in
the drill string and in the borehole. Assume a vertical/axial
force at the bit. In general, we have

Wvibr = WR + W1 + WN + WG + WF, (56)

where WR is the power radiated by the vertical force in the
formation in the far-field, W1 is the power of the axial waves
generated in the drill string by the reaction force, WN is the
power temporarily stored in the near-field and continuously
exchanged with the drill string, WG is the power radiated
in the form of borehole- and mud-guided waves (Lea and
Kyllingstad, 1996; Poletto et al., 2001), and WF is flexural drill-
string waves. I stress the following aspects:

1) The near-field term WN has zero-mean value in time and
does not contribute, on average, to the energy flux of the
waves radiated in the formation and transmitted in the drill
string.

2) The borehole interface and mud-guided waves, WG, are
important in borehole seismics, in particular with record-
ing tools in the borehole (Lee and Balch, 1982). However,
drill-bit seismic wavelengths are typically larger than the
borehole radius, and we assume that the presence of the
borehole does not substantially change the radiation pat-
tern of the bit vertical force (Rector and Hardage, 1992).
The axial force at the bit can produce a tangential stress
acting in the axial direction at the borehole wall near the
bit. White (1965, p. 226) shows that, with tangential stress,
the “radiated displacements have the same form as dis-
placements due to a point force.”

3) In our analysis, tube waves are not included in the source-
radiation model. The conical-wave–radiated energy (Rec-
tor and Hardage, 1992; Heelan, 1953) is considered a prod-
uct obtained at the expense of the drill-string propagat-
ing waves. As discussed before, this effect involves fric-
tion analysis. Previously, I estimated the bit vibrations in-
duced by mud-pressure modulation; here, however, I do
not calculate tube-wave contribution, WG, in the energy
balance of the bit source. The main reasons are the follow-
ing: (1) We are interested in the partition of radiated-in-
the-formation/drill-string pilot waves (say, near the bit) to
determine the correlated energy; (2) SWD measurements
are performed while rotary drilling. However, drilling nec-
essarily involves mud circulation and hydraulic drilling.
Drilling hydraulics has static and dynamic aspects (see,
for instance, Maurer and Heilhecker, 1969), but it is
not included in the mechanical rotary-energy model I
use in equation 1. A study of the interactions between
mud-pressure waves, bit forces, and drilling performance
requires a separate analysis. The following hydraulic/
acoustic aspects of drilling are important: properties of
the mud circulation system, mud-flow regimes, Doppler ef-
fects, drill-string and bit geometry (in the cross sections ex-
posed to mud pressure), bit-jet design, and downhole mo-
tor performance.

Hence, for simplicity in formulation of the energy bal-
ance of waves produced by a vertical force exerted on the
drilled formation and on the drill string, I assume that Wvibr ≈
W1 +WR. Assume, for simplicity, that the drill string is a tube
with constant properties: cross section A1, density ρ1, and
Young’s modulus Y1. The vertical reaction force at the bit, say
F = F0 sin ωt , produces stress axial-extensional vibrations that
propagate in the drill string with rod velocity c1 = (Y1/ρ1)1/2

(Kolsky, 1953; Carcione and Poletto, 2000). Let z be the axial
string coordinate and σ0 = −F0/A1 the axial-stress magnitude
at the bit (z = 0). In the absence of attenuation, the axial-stress
wave induced in the drill string is

σ1 = σ0 sin(ωt − k1z), (57)

where k1 = ω/c1. The average elastic energy stored in the unit
volume of the medium is given by (Jaeger, 1969)

E1 = 1
2

σ 2
0

Y1
. (58)

To obtain the average power of the stress wave propagating in
the drill string, I multiply E1 by the volume, c1A1, traveled by
the wave in the unit time, which gives

W1 = 1
2
c1A1

σ 2
0

Y1
= 1

2
F 2

0

Z1
, (59)

where I used Y1 = ρ1c
2
1 and σ0 = F0/A1, and where Z1 =

A1ρ1c1 is the characteristic (axial) impedance of the drill string
(Lutz et al., 1972; Aarrestad et al., 1986) assumed as a rod.
Note that, unlike for body waves radiated in the formation
by the single-force harmonic source, the power transmitted
by one-dimensional stress waves in homogeneous drill pipes
does not depend on frequency. However, because the compo-
sition of the actual drill string is made up of sections of dif-
ferent acoustic impedances, the frequency response, i.e., the
transfer function, of actual drill strings is not flat. Variation
of impedances, signal reflectivity, energy transmission, and at-
tenuation in actual drill strings are analyzed by Poletto et al.
(2001) and Paslay and Bogy (1963).

Using equations 23 and 59, the ratio of drill-string to
radiated-in-the-formation power can be expressed as

WR

W1
= Z1

ZR
. (60)

For example, assume a 30-Hz wave radiated in a Poisson’s
medium of P velocity α = 3160 m/s and density ρ = 2400
kg/m3 when drilling with a drill collar of outer and inner di-
ameters of 8.5 in. and 2.75 in., respectively; a bar velocity of
5130 m/s; and density of 7840 kg/m3. The obtained ratio of at-
the-bit and radiated impedances is Z1/Z (P)

R = 1.8 × 10−4. In
other words, we obtain Wvibr ∼ W1. This means that expendi-
ture of the energy in the drill string can be more relevant for
drilling-energy balancing than the energy radiated in the for-
mation. The cross section of the drill collars is typically used
for estimating the drill-string impedance Z1 at the bit (Poletto
et al., 2000). Note that from equation 60, it follows that, by us-
ing thinner pipe sections, the amount of energy W1 generated
into the drill string increases, because the impedance Z1 ∝ A1

decreases.
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Measuring power in the drill string

Assuming a monochromatic drill-string wave, we can calcu-
late impedance and use force to measure the power of axial
waves produced in the drill string and radiated in the forma-
tion. However, acceleration measurements are often available
and can be used in place of force (Table 3). Peak-to-peak val-
ues of axial acceleration may range between a few gs under
common drilling conditions (Cunningham, 1968; Deily et al.
1968; Eronini et al., 1982) and to tens of gs with anomalous
drill-string pendulum vibrations of high amplitude (Dykstra
et al., 1996). The average power of a monochromatic accel-
eration wave propagating in a uniform drill string is (see Ap-
pendix C)

W1 = 1
2
Z1

a2
0

ω2
, (61)

where a0 is the acceleration amplitude. However, in general,
stationary waves are also generated in a drill string in contact
with the formation at the bit.

Complex bit/rock reflection coefficient

The interaction between drill string and formation subject
to vertical force is obtained by the axial-reflection coefficient
at the bit. This coefficient can be calculated by using the
drill-string impedance Z1 =A1ρ1c1 and the integrated complex
impedance Zb (equations B-7 or B-5) to calculate the reflec-
tion coefficient (Appendix D):

c0 = Zb − Z1

Zb + Z1
. (62)

The coefficient c0 can be used to calculate the frequency-
dependent partition of stationary and upgoing waves in the
drill string. Moreover, it can be related to the drilling condi-
tions by using Z1 = A1ρ1c1 and equation D-11. We can inter-

Table 3. Axial force and acceleration magnitude in drill
strings.

String
component

Section
(cm2)

Harmonic
frequency

(Hz)
Force
(kN)

Acceleration
(g)

8-in. drill
collar

286.0 6 100 0.33

8-in. drill
collar

286.0 30 50 0.84

8-in. drill
collar

286.0 80 10 0.44

5-in. heavy-
weight drill
pipe

81.1 6 100 1.18

5-in. heavy-
weight drill
pipe

81.1 30 50 2.95

5-in. heavy-
weight drill
pipe

81.1 80 10 1.57

5-in. drill
pipe

34.1 6 100 2.80

5-in. drill
pipe

34.1 30 50 7.01

5-in. drill
pipe

34.1 80 10 3.74

pret the results in the following way: In the drill string, there is
a traveling wave, which is usually assumed in SWD. However,
there are also stationary waves sensitive to near-field vibra-
tions of the rock. The partition is related to the phase angle
ϕ = ϕ(α, β, rb, ω). This explains why, for instance, the detec-
tion of frequency resonances in relation to drilled-rock prop-
erties can be used for while-drilling acoustic-logging purposes
(Lutz et al., 1972).

CONCLUSIONS

The energy expended during rotary drilling is analyzed for
drill-bit SWD purposes. The theoretical calculation is aimed
at quantifying the energy requirements, radiation properties,
and near-field effects by relating drilling parameters to vibra-
tions in the formation and in the drill string. Results show that
a small part of the total drilling energy is transformed ulti-
mately into radiated waves. The radiated power is quantified
by assuming a single vertical force at the bit. The numerical re-
sults are used in part 2 of this paper to compare performances
of the working drill bit and conventional borehole supporting
sources.
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APPENDIX A

COEFFICIENTS OF HARMONIC
NEAR-FIELD WAVES

Coefficients of radial (R) and
shear-transverse (S) components

We use f(t) = sin ωt in equation 30 and obtain equation 31
where

R0 = F0 cos φ

4πρrα2
, S0 = F0 sin φ

4πρrβ2

R1 = 1 − 2α2

r2ω2
, S1 = −1 + β2

r2ω2
,

R2 = −2α

rω
, S2 = β

rω
,

R3 = 2α2

βrω
, S3 = − β2

αrω
,

R4 = 2α2

r2ω2
, S4 = − β2

r2ω2
. (A-1)

Coefficients of harmonic sine and cosine components

For the radial displacement component, we have the coeffi-
cients

Q1 = R1 cos kαr + R2 sin kαr + R3 sin kβr + R4 cos kβr,

Q2 = −R1 sin kαr + R2 cos kαr + R3 cos kβr − R4 sin kβr,

(A-2)
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where kα = ω/α and kβ = ω/β. Similar relations are obtained
for the transverse-displacement component by substituting Si

in place of Ri and interchanging kα and kβ , which gives

Q3 = S1 cos kβr + S2 sin kβr + S3 sin kαr + S4 cos kαr,

Q4 = −S1 sin kβr + S2 cos kβr + S3 cos kαr − S4 sin kαr.

(A-3)

Near-field approximation of Qi (lim kα r → 0)

We have

Q1 → 3,

Q2 → −kαr

(
1
3

+ 2
√

3
)

,

Q3 → −2
3
,

Q4 → kαr(1 + 6
√

3)/9. (A-4)

APPENDIX B

COMPLEX IMPEDANCE

It is convenient to rewrite particle velocity and stress in a
complex form. We can use the near-field approximation of
equation 40 to write the axial particle velocity at the bit (see
equation 43) as the complex velocity

v0 = ıV0e
ı(ωt−ϕ), (B-1)

where

V0 = F0kαrb

Abρα sin ϕ
, (B-2)

so that the real part of equation B-1 equals the real velocity of
equation 43. Moreover, the axial stress becomes

σ0 = −ı
F0

Ab
eıωt . (B-3)

The radiation impedance is therefore calculated as

σ0

v0
= − F0

AbV0
eıϕ = − ρα

kαrb
(cos ϕ sin ϕ + ı sin2 ϕ). (B-4)

The impedance of equation B-4 is calculated in the near-field
approximation. The near-field integrated impedance over the
bit area is

Zb = Abσ0

v0
= −Abρα

kαrb

(
cos ϕ sin ϕ + ı sin2 ϕ

)
. (B-5)

Now we relate the near- and far-field integrated impedances.
We observe that the total integrated impedance of equation 27
can be expressed as

Z(P)
R = −Abρα

kαrb
tan ϕ. (B-6)

We obtain

Zb = Z(P)
R (cos2 ϕ + ı cos ϕ sin ϕ). (B-7)

APPENDIX C

POWER OF AXIAL DRILL-STRING WAVES

Let the axial acceleration be expressed as

a1 = a0e
ı(ωt+k1z), (C-1)

a1 = ∂2u1

∂t2
= −ω2u1, (C-2)

where u1 is the axial displacement in the drill string. Values
of peak-to-peak axial displacement ranging from about 0.5 to
2 in. were observed by Cunningham (1968). The axial displace-
ment is related to the axial stress σ1 by

σ1 = Y1
∂u1

∂z
= ıY1k1u1. (C-3)

Using k1 = ω/c1, σ1 = F/A1, and the characteristic impedance
of drill-string axial waves Z1 = A1ρ1c1, we obtain (see Table 3)

F = −ı
Z1a1

ω
. (C-4)

Taking the time-average value of 
[F ]2, where 
 denotes the
real part, hence of 
[a1]2 over T from equation 59, we have

W1 = Z1a
2
0

2ω2
. (C-5)

Using equation C-5, the drill-string power can be calculated
from field MWD acceleration measurements in the drill pipes,
which can be related to acceleration at the bit using the drill-
string transfer function.

APPENDIX D

COMPLEX REFLECTION COEFFICIENT
AT THE BIT

I calculated the near-field phase of sine and cosine waves in
the formation in contact to the bit (assumed flat and in perfect
contact to the rock) with a time-harmonic force at the bit. If
the drill string (uniform and of infinite height above the bit)
were isolated, the harmonic force would generate simple har-
monic waves in the drill string itself. However, coupling to the
formation subject to the near-field vibrations introduces both
in-phase and out-of-phase components in the string. Let us as-
sume that the harmonic axial stress is uniform over the pipe
cross section A1 and that it is given at the near-bit/rock inter-
face depth (z = 0) as the real part of

σ1(ω, z = 0) = ı
F0

A1
eıωt . (D-1)

We assume that the complex axial stress in the drill string is

σ1 = AσD + RσU = Aeı(ωt−k1z) + Reı(ωt+k1z), (D-2)

where σD is a downgoing time-harmonic stress-wave incident
at the bit/rock interface from above, σU is the upgoing har-
monic stress wave reflected at the interface, and A and R are
complex coefficients. We assume continuity of stress at the
bit/rock contact z = 0. From equations D-1 and D-2, we have

A + R = ı
F0

A1
. (D-3)
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Therefore, the relations for the real and imaginary parts are


[R] = −
[A],

�[R] = −�[A] + F0

A1
.

(D-4)

Using equation D-3 in equation D-2, we obtain

σ1(ω, z) = AσD −
(

A − ı
F0

A1

)
σU , (D-5)

from which we have

σ1(ω, z) = −2ıA sin(k1z)eıωt + ı
F0

A1
eı(ωt+k1z). (D-6)

The first term on the right is a stationary wave of amplitude
zero at the bit; the second term on the right is an upgoing stress
wave of amplitude F0/A1.

Complex bit/rock coefficient

To determine the complex reflection coefficient, I equal the
axial displacements u1 in the drill string near the bit and the
axial displacement in the formation u0 at the bit/rock contact
(z = 0) (equation 35):

u1 = u0 = lim
h→0

û. (D-7)

In the drill string, we have σ1 = Y1∂u1/∂z, and from Y1k1 =
ωρ1c1, we obtain

u1 = A
σD

−ıωρ1c1
+ R

σU

ıωρ1c1
, (D-8)

and from equation D-3, we obtain

u1 = ı
A

ωρ1c1
(σD + σU) + F0σU

ωA1ρ1c1
. (D-9)

From equation B-1 and from v0 = iωu0, we have in the forma-
tion

u0 = − F0rb

Abρα2
(ı − cot ϕ)eıωt , (D-10)

with the phase (given from equation 40)

cot ϕ = −kαrb(1 + 6
√

3)
12

. (D-11)

Using equation D-1, we obtain

A = F0

2ıA1

1
Abρα

[−kαrb(ı − cot ϕ)A1ρ1c1 − Abρα],

R = F0

2ıA1

1
Abρα

[kαrb(ı − cot ϕ)A1ρ1c1 − Abρα].

(D-12)

The complex bit/rock reflection coefficient is obtained as

c0 = R

A
. (D-13)

which, after calculations based on previous equations, be-
comes

c0 = Aαρα(kαrb)−1(cos ϕ sin ϕ + ı sin2 ϕ) + A1ρ1c1

Aαρα(kαrb)−1(cos ϕ sin ϕ + ı sin2 ϕ) − A1ρ1c1
.

(D-14)

We obtain an equivalent result if we use the drill-
string impedance Z1 =A1ρ1c1 and the integrated complex
impedance Zb of equation B-5 to calculate the coefficient

c0 = Zb − Z1

Zb + Z1
. (D-15)
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