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Abstract
Deep carbonate reservoirs are subject to in-situ conditions of high temperature and high pressure.
We consider six water-saturated dolomite specimens from these reservoirs and perform
ultrasonic experiments to obtain the P- and S-wave waveforms and velocities under different
pressure and temperature conditions. The P-wave attenuation is estimated using the
spectral-ratio method. The results show that with the increase of temperature, the velocities
slightly decrease and attenuation increases. At effective pressures<40MPa, the P-wave velocities
increase sharply with pressure and then approximately linearly at higher pressures, while
attenuation decreases gradually with pressure. The crack porosity as a function of pressure is
obtained from the experimental data. The P-wave velocities decrease with this porosity while
attenuation shows an opposite behavior. Then, a multiscale poroelasticity model considering
micro-, meso- and macro-scale fluid-flowmechanisms is proposed to analyze the effects of the
fluid properties, temperature and crack content on the wave responses. The model results agree
well with the experimental data at different pressures, which provides a theoretical basis for the
analysis of broadband wave velocity dispersion and attenuation phenomena of carbonate
reservoirs and underground porous media in general.

Keywords: dolomite, P-wave velocity and attenuation, multiscale rock-physics, crack, pressure
and temperature

1. Introduction

Carbonate reservoirs with rich petroleum resources have
been widely explored in recent decades (Cao et al. 2018).
These reservoirs have a complexmineral composition and in-
homogeneous spatial distributions, in particular the storage
(pore volume) andpermeability (Xu&Payne2009;Mousavi
et al.2013).This strongheterogeneity has hindered the appli-
cation of classical geophysical methods to detect oil and gas

sweet spots. In particular, the effect of pressure and tempera-
ture (PT) is important.

Experimental and theoretical studies showed that the PT
conditions have significant effects on the wave velocity and
attenuation (Adam et al. 2009; Jaya et al. 2010; Rabbani et al.
2017; Borgomano et al. 2019). Timur (1968) used ultrasonic
experimental data to analyze the effects of different temper-
atures on P-wave velocity in saturated rocks. On the basis of
experimentalmeasurement, Rabbani et al. (2017) found that
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Figure 1. The six dolomite samples.

the attenuation decreased as the temperature decreased from
65 to 15°C.With the increase of temperature, Xi et al. (2007)
showed that the attenuation peak shifted to high frequency.
Jaya et al. (2010) carried out experimental measurements on
fully saturated basalts in in-situ conditions and proposed a
velocity-temperaturemodel. Tran et al. (2008) observed that
the increasing temperature can lead to larger crack density by
measuring the Berea sandstone. Chapman et al. (2016) mea-
sured and analyzed the seismic attenuation of Berea sand-
stones under different confining pressures, and showed that
this property is affected by the pore-fluid flow at mesoscopic
scales (the simulation heterogeneity is much longer than the
mineral grain size but shorter than the seismic wavelength).
All these studies showed that the wave velocity and attenua-
tion depend on the PT conditions and pore-fluid properties.

Owing to the heterogeneities at different scales, it is well
known that the main cause for wave dispersion and dissi-
pation are associated with the mechanism of wave-induced
fluidflow(WIFF) andelastic scattering (Carcione et al.2003;
Müller et al. 2010; Guo & Gurevich 2020; Carcione 2022;
Guo et al. 2022a, 20022b). Many rock-physics models for
fully saturated porous media have been proposed to analyze
the responses of seismic waves. The first is the Biot global-
flow model (Biot 1956a, 1956b), which assumes a macro-
scopic pore-fluid flow in homogeneous media. However,
small-scale heterogeneities have an important effect on wave
propagation, in particular attenuation. Mavko &Nur (1975)
considered the squirt-flow(microscopic) effect,which is flow
between stiff and soft pores. Dvorkin et al. (1995) combined
squirt-flow theory with Biot theory to put forward the BISQ
model, and Gurevich et al. (2010) improved this model by
means of the equivalent modulus related to frequency (Car-
cione & Gurevich 2011). Other successful mesoscopic-loss
models are the double-porosity ones, for instance, Ba et al.
(2011) considered the heterogeneity in the mesoscale and
proposed the Biot–Rayleigh model.

In the present work, we perform measurements on car-
bonate samples of the Leikoupo Formation of Sichuan
Basin of China and propose a microstructural model to
predict the wave responses at different frequencies and PT

Table 1. Rock specimen properties

Specimen Porosity (%) Permeability (mD) Density (g/cm3)

P1 1.41 0.068 2.692
P2 4.26 3.441 2.690
P3 4.44 0.214 2.714
P4 5.93 0.963 2.651
P5 10.37 1.800 2.552
P6 17.35 4.151 2.328

conditions. The theoretical model is a combination of the
Biot–Rayleigh (Ba et al. 2011) and Gurevich (Gurevich
et al. 2010) theories. The combined model describes the
energy dissipation caused by macroscopic, mesoscopic and
microscopic fluid-flow mechanisms. The effects of the PT
conditions, fluid properties and crack properties on wave
responses are analyzed.

2. Experiments and data processing

The six dolomite samples are cut into cylinders with a diam-
eter of ∼25 mm and lengths of 30.1–47.0 mm, as shown in
figure 1. Based on the analysis of casting thin sections, the
rock has intergranular pores, microcracks and dissolution
pores. The porosity varies from 1.41 to 17.35%, and the aver-
age is 7.29%. The permeability changes from 0.068 to 4.151
mD, and the average is 1.773mD. Table 1 shows the physical
properties of the six dolomite samples.

The ultrasonic wave transmission technique is adopted
to acquire the longitudinal and shear wave velocities (VP
and VS) of the water-saturated specimens at different tem-
peratures and effective pressures (difference between confin-
ing and pore pressures). The vacuum saturation technique
is used for saturating the samples, and we put sealed sam-
ple into a pressure vessel. Under the condition of pore pres-
sure of 10 MPa and confining pressure of 80 MPa, we per-
form measurements at room temperature (about 20°C), 40,
60, 80, 100, 115 and 130°C, and record the waveforms. At
130°C and a pore pressure of 10 Mpa, we vary the confin-
ing pressures as 80, 70, 60, 50, 40, 30, 25, 20 and 15 MPa.
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Figure 2. (a) P- and (b) S-wave waveforms corresponding to sample P5
recorded at different effective pressures. The red arrow indicates the posi-
tion of the first arrival.

Aluminum standards with the same geometrical character-
istics of the sample are measured as well. Figure 2 shows
the P- and S-waveforms transmitting through sample P5 at
different effective pressures. The first arrivals are labeledwith
red arrows.

VP and VS are calculated based on the ratio of sample
length to travel time, with an error of <2%. P-wave attenua-
tion (1∕QP) is obtainedby the spectral-ratiomethod(Toksöz
et al. 1979). By assuming that the P-wave attenuation is con-
stant nearby the pulse centroid frequency, the quality factor
Q2 of P-wave can be estimated by

ln
A1

A2
=
(

𝜋

Q2v2
− 𝜋

Q1v1

)
fx + ln

G1

G2
, (1)

where subscripts 1 2 and correspond to aluminum (refer-
ence) and rock sample, respectively, f is the frequency, A de-
notes the spectrum amplitude,G denotes geometrical factor,
v denotes the wave velocity and x is the sample length. The
quality factor of aluminum is ∼150 000 while the sample
quality factor lies generally in the range 10–100. Therefore,
𝜋∕Q1v1 is ∼0 and the sample quality factor can be obtained

Figure 3. VP(a), VS(b) and 1∕QP(c) under different temperatures for the
six samples.

by the slope coefficient of the linear fitting between the loga-
rithmic spectral ratio and frequency.

3. Wave velocity and attenuation

Under different temperatures for the six samples, figure 3
shows the variation of elastic wave velocities and P-wave
attenuation. The average VP and VS decrease by 2.51 and
3.47%, respectively, and the attenuation increases by 194%
when the temperature increases from 20 to 130°C. Below
60°C, the velocities are approximately constant with tem-
perature and then decrease linearly. The density of water
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Figure 4. VP (a), VS (b) and 1∕QP (c) under different effective pressures
for the six samples.

decreases while its bulk modulus first increases and then de-
creases with increasing temperature. Attenuation increases
and the differences between the sample with the smallest
porosity and the other samples also increase with tempera-
ture. This may be related to the generation of bubbles and
microcracks ( Jaya et al. 2010).

Figure 4 shows VP, VS and 1∕QP under different effec-
tive pressures. The average VP and VS decrease by 11.45 and
17.72%, respectively, and the attenuation increases by 330%
when the effective pressure decreases from 70 to 15 MPa.
Below 40 MPa, with the increase of pressure, the wave ve-
locity increases nonlinearly. This is because the soft pores

(microcracks with small aspect ratios) are gradually closed
while the stiff pores are not affected, resulting in an increas-
ing bulk modulus (Shapiro 2003). When the effective pres-
sure exceeds 40 MPa, the velocities increase approximately
linearly (David & Zimmerman 2012). The increase of effec-
tive pressure also hinders the fluid flow between pores and
microcracks, causing less energy dissipation.The attenuation
varies widely between the different samples at low effective
pressures. However, the attenuation values are similar at high
effective pressures, indicating that the attenuation is mainly
affected by the soft microcracks.

Ideal geometrical shapes, such as ellipsoids, were assumed
to characterize complex pore structures (Xu & Payne 2009),
where the ratio of the minor and major axes of the ellipsoid
is the aspect ratio. The effects of pressure on the number of
microcracks and crack shapes are significant, as are shown in
figure 5. Soft cracks with smaller aspect ratios are gradually
closedfirst.Thecrackporosity is estimatedwith the inversion
method proposed by Zhang et al. (2019), from themeasured
velocities (see Appendix A).

The effective pressure dependence of crack porosities is
shown in figure 6. The porosities gradually decrease with in-
creasing pressure. Figure 7 shows the changes ofVP and 1∕QP
with crack porosity, which decrease and increase with the in-
crease of the porosity, respectively.

4. Amultiscale rock-physics model

The complex pore structure hinders the application of
classical models for carbonate reservoirs. The WIFF mech-
anisms at different scales are not independent to each other,
and wave attenuation is related to the coupling effects of
multiscale fluid flow (Ravalec et al. 1996; Tang 2011; Jin
et al. 2018; Zhang et al. 2021, 2022). The Gurevich model
considers the effect of squirt flow at the microscopic scale
as well as the Biot global (macroscopic) flow (Gurevich
et al. 2010), while the Biot–Rayleigh (BR) model describes
wave dissipation caused at mesoscopic scales and the Biot
global flow (Ba et al. 2011). Combining these two models
we can describe the wave anelasticity at different scales. An
illustrative scheme is given in figure 8. It assumes that the
host skeletonmainly contains stiff pores while the inclusions
contain soft pores (microcracks) and a small number of stiff
pores. The Gurevich model is used to obtain the dry-rock
modulus of the inclusions.

We make use of the equation of Pride et al. (2004) to ob-
tain the bulk modulus and the equation of Lee (2006) to
obtain the shear modulus of the host skeleton,

Kb1 =
(1−𝜙10)Ks

1 + 𝛼𝜙10
, (2a)

𝜇b1 =
(1−𝜙10)(1 + 𝛼)𝜇s

1 + 𝛼 + (1 + 2𝛼)𝛼𝜙10
, (2b)
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Figure 5. Diagram showing the behavior of pores and cracks with increasing pressure.

Figure 6. Crack porosity with increasing effective pressure.

respectively, where 𝛼 is the consolidation coefficient, Ks and
𝜇s are thebulk and shearmoduli ofminerals, respectively, and
𝜙10 is the local porosity of the stiff pores in the host.

We calculate the bulk and shear moduli of the dry skele-
ton (Kb2 and𝜇b2) of the inclusions bymeans of theGurevich
model,

1
Kb2

= 1
Khp

+ 1
1

1
Kb1

− 1
Khp

+ 1(
1
K∗f

− 1
Ks

)
𝜙20

, (3a)

1
𝜇b2

= 1
𝜇b1

− 4
15

[
1
Kb1

− 1
Kb2

]
, (3b)

Figure 7. The change of VP (a) and 1∕QP(b) with crack porosity.
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Figure 8. Proposed model with the two types of skeletons and one fluid.
Thehost skeleton contains stiff pores, and the inclusion contains soft pores
(cracks) and stiff pores.

where 𝜙20 is the crack porosity in the inclusions, Khp is the
bulk modulus of dry skeleton with all the cracks closed and
K∗
f , which is the frequency-related effective bulk modulus

of fluid. If there are only stiff pores with no cracks (𝜙20 =
0), equations (3a) and (3b) give Kb2 = Kb1 and 𝜇b2 = 𝜇b1,
respectively.

The BR model is derived from Hamilton’s principle, by
considering the dissipation, kinetic and potential energy
functions. The crack porosity of host skeleton of the pro-
posedmodel is zero. Thus, the host skeletonmoduli are con-
sistent with these of the conventional BRmodel. Themoduli
(Kb2and 𝜇b2) replace the bulk and shear moduli of the inclu-
sions in the BR model, leading to the following theoretical
equations forwavepropagation in thedouble-porositymodel
that incorporates the microscopic squirt-flowmechanism.

NG∇2u + (AG + NG)∇𝜀 + QG
1 ∇(𝜁

(1) + 𝜙2𝜍)

+QG
2 ∇(𝜁

(2) − 𝜙1𝜍) = 𝜌00ü + 𝜌01 ̈U
(1)

+ 𝜌02 ̈U
(2) + b1(u̇ − ̇U(1)) + b2(u̇ − ̇U(2)), (4a)

QG
1 ∇𝜀 + RG

1 (𝜁
(1) + 𝜙2𝜍) = 𝜌01ü + 𝜌11 ̈U

(1)

− b1(u̇ − ̇U(1)), (4b)

QG
2 ∇𝜀 + RG

2 (𝜁
(2) − 𝜙1𝜍) = 𝜌02ü + 𝜌22 ̈U

(2)

− b2(u̇ − ̇U(2)), (4c)

𝜙2(Q
G
1 𝜀+R

G
1 (𝜁

(1)+𝜙2𝜍))−𝜙1(Q
G
2 𝜀 + RG

2 (𝜁
(2) − 𝜙1𝜍))

= 1
3
𝜌f 𝜍̈R

2
0

𝜙2
1𝜙2𝜙20

𝜙10
+ 1

3
𝜂𝜙2

1𝜙2𝜙20

𝜅1
𝜍̇R2

0. (4d)

Figure 9. Comparison of VP (a) and 1∕QP (b) of the three models.

where u is the particle displacement of the dry-rock skele-
ton, and U(1) and U(2) are the phase 1 and 2 fluid displace-
ments of the host skeleton and inclusions, respectively.𝜀, 𝜁 (1)
and 𝜁 (2) correspond to the three displacement divergence
fields; 𝜍 is the fluid change due to fluid flow; R0 is the inclu-
sion radius; 𝜌f and 𝜂 are the fluid density and viscosity; 𝜅1 is
the host permeability; AG, NG, QG

1 , R
G
1 , Q

G
2 and RG

2 are the
elastic stiffnesses; 𝜌00, 𝜌01, 𝜌02, 𝜌11 and 𝜌22 are the density
coefficients and b1 and b2 represent Biot’s dissipation vari-
ables. The total porosity is𝜙 = 𝜙1 + 𝜙2, where𝜙1 = 𝜈1𝜙10,
𝜙2 = (1 − 𝜈1)𝜙20, and 𝜈1 is the inclusion volume ratio. A
plane-wave analysis is given in Appendix B, where the veloc-
ity of P-wave and 1∕QP are computed by using the complex
wave number derived from the analysis.

4.1. Comparison of models

We compare the simulation results of the new model with
those of the traditional Biot and BR models, and the prop-
erties are those of Ba et al. (2011), as shown in Table 2.
Figure 9 gives the wave velocity and attenuation. At low fre-
quencies, the three models yield the same wave velocities,
with the new model predicting two peaks, at seismic and
ultrasonic frequencies, as expected, corresponding to attenu-
ation due to mesoscopic and squirt-flow losses, respectively.
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Table 2. Physical properties

Mineral bulk modulus Mineral shear modulus Dry-rock density Bulk modulus of water Viscosity of water Density of water
Ks (GPa) 𝜇s (GPa) (g/cm3) Kf (GPa) 𝜂 (Pa⋅s) 𝜌f (g/cm3)

38 44 2.65 2.5 0.001 1.04
Porosity of host𝜙10 Porosity of inclusions𝜙20 Permeability of host 𝜅1

(D)
Permeability of
inclusions 𝜅2 (D)

Volume ratio of
inclusions 𝜈1

Radius of inclusions
R0 (m)

0.1 0.3 0.01 1 0.037 0.01

Table 3. Physical properties

Water Oil Gas

Bulk modulus Kf (GPa) 2.25 0.6 0.0001
Density 𝜌f (g/cm3) 0.99 0.9 0.1
Viscosity 𝜂 (Pa⋅s) 0.001 0.006 0.00 001

Figure 10. VP (a) and 1∕QP (b) of the model with different fluids at dif-
ferent frequencies.

4.2. Effects of the fluid properties, temperature and
pressure

The rock properties are related to various factors such as
mineral composition, pore structure, fluid properties and PT
conditions. We first consider water, oil and gas as Ba et al.
(2014) (see Table 3). Figure 10 shows the impact of fluid
type on the wave velocity and attenuation. The results show

Figure 11. VP (a) and 1∕QP (b) at full water saturation (with a pore pres-
sure of 10MPa) under different temperatures and frequencies.

that the attenuation peaks shift toward lower frequencies as
fluid viscosity increases, which is consistent with the models
of Wu et al. (2020) and Carcione &Gurevich (2011).

The fluid properties vary with PT (see Batzle & Wang
1992). Figure 11 demonstrates the relations between tem-
perature and the frequency-dependence ofVP and1∕QP. The
temperature range analyzed is 0–300°C. However, it should
be noted that the effect of temperature on rock solid skele-
ton properties has not been considered. As temperature in-
creases, the VP shows an initial increase followed by a de-
crease, with the peak values of attenuation caused by the
squirt flow shifting to higher frequencies. The dispersion
caused by the mesoscale fluid flow spans a wide frequency
band.

The volume fraction of microcracks affects the rock prop-
erties. Figure 12 shows the wave responses at different crack
porosities. The degree of the peak attenuation at the low-
frequency range, causedby themesoscale fluidflow, increases
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Figure 12. VP (a) and 1∕QP (b) under different frequencies and crack
porosities.

Figure 13. VP (a) and 1∕QP (b) under different frequencies and temper-
atures. The dots with the colorbar indicate the measured data.

Figure 14. VP (a) and 1∕QP (b) under different frequencies and effective
pressures. The dots with the colorbar indicate the measured data.

with increasing crackporosity,while thepeak as a result of the
squirt-flow shifts to higher frequencies.

4.3. Comparisons between model predictions and
measurements

The proposed Batzle & Wang (1992) equation is used to
determine the fluid properties that vary with temperature.
The density 𝜌f , bulk modulus Kf and viscosity 𝜂 of water are
0.942 g/cm3, 2.19 GPa and 0.002 Pa⋅s at 130°C and a pore
pressure 10 MPa, respectively. The crack porosities at differ-
ent pressures are obtained with figure 6. For sample P3, the
mineral bulk modulus Ks is 67 GPa, shear modulus 𝜇s is 55
GPa and its density is 2.714 g/cm3. The equations of Lee
(2006) and Pride et al. (2004) are used to calculate the dry-
rock moduli. This sample has a total porosity 𝜙 of 4.44%, a
permeability𝜅 of 0.214mD, a crack aspect ratio 𝛾 of 0.00005
and an inclusion radius R0 of 0.1 mm.

The density and viscosity of water decrease while its bulk
modulus first increases and then decreases as the temper-
ature changes from 20 to 130°C. Figure 13 compares the
predicted VP and 1∕QP values to the experimental data for
various frequencies and temperatures. The calculated wave
velocities and attenuation are slightly higher and smaller
than the measured ones, respectively, particularly at high
temperatures. This difference may be due to the generation
of thermal cracks, resulting in a smaller bulk modulus and a

617

D
ow

nloaded from
 https://academ

ic.oup.com
/jge/article/20/3/610/7143777 by O

G
S (Istituto N

azionale di O
ceanografia e di G

eofisica Sperim
entale-O

G
S) Borgo G

rotta user on 07 N
ovem

ber 2023



Journal of Geophysics and Engineering (2023) 20, 610–620 Ruan et al.

Figure 15. VP (a) and 1∕QP (b) under different temperatures for the six
samples. The dots with the colorbar indicate the measured data.

stronger fluid-flow effect. Moreover, the presence of bubbles
at high temperatures may also contribute ( Jaya et al. 2010;
Grab et al. 2017).

The crack porosities decrease from 0.0919 to 0.0249% in
sample P3 when the effective pressure changes from 5 to 70
MPa, as are shown in figure 6. Figure 14 compares theory and
experiment at different effective pressures, indicating that the
agreement is good for both properties, the wave velocity and
attenuation.

Finally, figures 15 and 16 compare the theoretical and ex-
perimental VP and 1∕QP of the six rock samples under dif-
ferent temperatures and effective pressures, respectively. It is
shown that the proposed model describes well the P-wave
velocity variations, but cannot well explain the temperature
dependence of attenuation, possibly due to the effects men-
tioned before, such as generation of bubbles and thermal
cracking at higher temperatures, effects that have not been in-
cluded in the model.

5. Conclusions

Ultrasonicmeasurements have been performed on six water-
saturated samples collected from the deep carbonate reser-
voirs, under different temperatures and effective pressures.

Figure 16. VP (a) and 1∕QP (b) under different effective pressures for the
six samples. The dots with the colorbar indicate the measured data.

With the increase of temperature or the decrease of effective
pressure, the P-wave velocities decrease and attenuation in-
creases. Moreover, the P-wave velocities decrease with the
increasing crack porosity, while attenuation shows an oppo-
site trend.Then,we propose amultiscalewave-inducedfluid-
flowmodel to describe thewave responses of carbonate rocks
containing stiff and soft (cracks) pores. The model results
show a good agreement with the data but underestimate the
attenuation at higher temperatures, which may be associated
with the occurrence of thermal cracking andpresence of bub-
bles. Further research is needed to describe these effects. In
principle, the proposed model can be used to quantitatively
describe thewave velocity and attenuation of deep carbonate
reservoirs.
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Appendix A. Calculation of the crack porosity

Based on theMTmodel (Mori & Tanaka 1973), the relation
between the elastic moduli and stiff pore properties can be
obtained. By assuming that the stiff pores are part of the solid
matrix, the bulk modulus and shear modulus (with cracks
fully closed) are

Khp = Ks

/(
1 +

𝜙s

1 − 𝜙s
P
)
, (A1)

𝜇hp = 𝜇s

/(
1 +

𝜙s

1 − 𝜙s
Q
)
, (A2)

where the stiffporosity is𝜙s, the shape factors associatedwith
the crack aspect ratio 𝛾 and Poisson’s ratio of grain are repre-
sented by P andQ (David & Zimmerman 2012).

The following equations can be used to determine the ef-
fective elastic moduli of the dry rock containing stiff pores
and cracks.

Keff = Khp

/⎛⎜⎜⎜⎜⎝
1 +

16
(
1 −

(
𝜐hp

)2
)
Γ

9
(
1 − 2𝜐hp

)
⎞⎟⎟⎟⎟⎠
, (A3)

𝜇eff = 𝜇hp

/(
1 +

32
(
1 − 𝜐hp

) (
5 − 𝜐hp

)
Γ

45
(
2 − 𝜐hp

) )
, (A4)

where 𝜐hp = (3Khp − 2𝜇hp)∕(6Khp + 2𝜇hp) is the rock Pois-
son ratio (withonly stiff pores) and the cumulative crackden-
sity is denoted by Γ. The wave velocities measured at differ-
ent pressures are used to compute the moduli. The cumula-
tive crack density is estimated by using a liner fitting method
based on equations (A3) and (A4). The crack density Γp as-
sociated with the effective pressure pe is (Shapiro 2003)

Γp = Γie−pe∕p̂e , (A5)

where the initial crack density at the effective pressure of zero
isΓi and a compaction coefficient is p̂e. The crack aspect ratio
𝛾p associatedwith the effectivepressure is (Zhang et al.2019)

𝛾p =
4(1 − 𝜐2hp)pe

𝜋Ehp
, (A6)

where Ehp is the effective static Young modulus at the high
pressure range. The crack porosity is given by (David &
Zimmerman 2012)

𝜙2 =
4𝜋𝛾p
3

Γp. (A7)

Appendix B. Plane-wave analysis

By substituting plane-wave kernel ei(𝜔t−k⋅x) into equations
(4a)–(4d) with 𝜔, k and x as the angular frequency, wave

number vector and spatial vector, respectively, a P-wave equa-
tion is obtained.||||||

a11k2 + b11 a12k2 + b12 a13k2 + b13
a21k2 + b21 a22k2 + b22 a23k2 + b23
a31k2 + b31 a32k2 + b32 a33k2 + b33

|||||| = 0, (B1)

where
a11 = AG + 2NG + i

(
QG
2 𝜙1 − QG

1 𝜙2
)
x1,

a12 = QG
1 + i

(
QG
2 𝜙1 − QG

1 𝜙2
)
x2,

a13 = QG
2 + i

(
QG
2 𝜙1 − Q1𝜙2

)
x3, a21 = QG

1 − iRG
1 𝜙2x1,

a22 = RG
1 − iRG

1 𝜙2x2, a23 = −iRG
1 𝜙2x3,

a31 = QG
2 + iRG

2 𝜙1x1, a32 = iRG
2 𝜙1x2,

a33 = RG
2 + iRG

2 𝜙1x3,
b11 = −𝜌11𝜔2 + i𝜔(b1 + b2), b12 = −𝜌12𝜔2 − i𝜔b1,
b13 = −𝜌13𝜔2 + i𝜔b2, b21 = −𝜌12𝜔2 − i𝜔b1,
b22 = −𝜌22𝜔2 + i𝜔b1, b23 = 0,
b31 = −𝜌13𝜔2 − i𝜔b2, b32 = 0,
b33 = −𝜌33𝜔2 + i𝜔b2.

(B2)
and

x1 = i(𝜙2QG
1 − 𝜙1QG

2 )∕Z
G, x2 = i𝜙2RG

1 ∕Z
G,

x3 = −i𝜙1RG
2 ∕Z

G,

ZG =
i𝜔𝜂𝜙2

1𝜙2𝜙20R2
0

3𝜅10
−

𝜌f𝜔
2R2

0𝜙
2
1𝜙2𝜙20

3𝜙10
−
(
𝜙2
2R

G
1 + 𝜙2

1R
G
2

)
,

AG= (1 − 𝜙)Ks −
2
3
NG

−
𝛽𝜙1(1 − 𝜙1 − 𝜙2 − Kb

/
Ks)K2

s

/
Kf

𝛽(1 − 𝜙1 − 𝜙2 − Kb
/
Ks) + (𝛽𝜙1+𝜙2)Ks

/
Kf

−
𝜙2(1 − 𝜙1 − 𝜙2 − Kb

/
Ks)K2

s

/
Kf

1 − 𝜙1 − 𝜙2 − Kb
/
Ks + (𝛽𝜙1+𝜙2)Ks

/
Kf

,

QG
1 =

𝛽𝜙1(1 − 𝜙1 − 𝜙2 − Kb
/
Ks)Ks

𝛽(1 − 𝜙1 − 𝜙2 − Kb
/
Ks) + (𝛽𝜙1+𝜙2)Ks

/
Kf

,

QG
2 =

(1 − 𝜙1 − 𝜙2 − Kb
/
Ks)𝜙2Ks

1 − 𝜙1 − 𝜙2 − Kb
/
Ks + (𝛽𝜙1+𝜙2)Ks

/
Kf

,

RG
1 =

(𝛽𝜙1+𝜙2)𝜙1Ks

𝛽(1 − 𝜙1 − 𝜙2 − Kb
/
Ks) + (𝛽𝜙1+𝜙2)Ks

/
Kf

,

RG
2 =

(𝛽𝜙1+𝜙2)𝜙2Ks

1 − 𝜙1 − 𝜙2 − Kb
/
Ks + (𝛽𝜙1+𝜙2)Ks

/
Kf

,

NG = 𝜇b, (B3)
where 𝛽 is the dilatation ratio between the fluid bulk strains
in the host and inclusions. The complex wave velocity is used
to compute the phase velocity (Carcione 2022),

VP =
𝜔

Re(k)
. (B4)

The P-wave quality factor is

Q =
Re(k)
2Im(k)

. (B5)
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