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3D adaptive tomography using Delaunay triangles
and Voronoi polygons
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Abstract

The solutions of traveltime inversion problems are often not unique because of the
poor match between the raypath distribution and the tomographic grid. However, by

adapting the local resolution iteratively, by means of a singular value analysis of the

tomographic matrix, we can reduce or eliminate the null space influence on our earth
image: in this way, we get a much more reliable estimate of the velocity field of seismic

waves. We describe an algorithm for an automatic regridding, able to fit the local

resolution to the available raypaths, which is based on Delaunay triangulation and
Voronoi tessellation. It increases the local pixel density where the null space energy is

low or the velocity gradient is large, and reduces it elsewhere. Consequently, the

tomographic image can reveal the boundaries of complex objects, but is not affected
by the ambiguities that occur when the grid resolution is not adequately supported by

the available raypaths.

Introduction

In linearized traveltime inversion, the earth can be modelled by a set of homogeneous
blocks, which are called pixels (in 2D) or voxels (in 3D). In this way, raypaths of

seismic signals are composed of a few straight segments: their lengths are the

coefficients of a linear system of equations that relate the picked traveltimes to the
slowness (inverse wave speed) in the model voxels.

Tomographic inversion of traveltimes is often an ill-posed problem, and its solution

may be non-unique. Mathematically, this happens when a null space exists for the
linear equation system. Gersztenkorn and Scales (1988), Chapman and Pratt (1992)

and Pratt and Chapman (1992), among others, showed that smoothness conditions in

the inversion algorithms can reduce the null space ambiguities, selecting a simpler
solution among the infinite number of possible solutions.

A common cause of null space ambiguities is the unsampled voxels: any change in

slowness in them would not change the observed traveltimes. Another origin is due to
rays that produce linearly dependent equations in the tomographic system. This may
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occur when the rays are nearly parallel, but also in other general cases. The ill-

constrained voxels may be found by a singular value decomposition (SVD) of the

tomographic matrix (see, among others, Lines and Treitel 1984; van der Sluis and van
der Vorst 1987; Press et al. 1989; Vesnaver 1994, 1996a; Wunsch 1996). In SVD

inversion, the small singular values can be zeroed.

When the seismic data are acquired, the positions of the sources and receivers are
fixed, and so are the ends of the raypaths. The rays are bent by the velocity field and

layer interfaces: their paths in the earth are fixed, even if initially unknown. The

seismic analyst has only to choose the voxel shape and size. Geometrically, this choice
is totally arbitrary; mathematically, it may introduce the above-mentioned ambiguities.

In an optimal grid, the null space contribution should be a minimum, the voxel size

should comply with the physical resolution of the picked seismic waves (see, e.g.,
Williamson 1991; Williamson and Worthington 1993) and the voxel shape should fit

the velocity anomalies. We proved that an optimal irregular grid can be built in

sequence, by fitting the local resolution to the available raypaths according to a
singular value analysis or an interactive interpretation (BoÈhm, Cavallini and Vesnaver

1995; BoÈhm, Rossi and Vesnaver 1996; BoÈhm and Vesnaver 1999). We define an

algorithm for automatic gridding which is based on Delaunay triangulation and
Voronoi tessellation. It can also adapt the tomographic grid to the velocity gradient, by

increasing the local resolution where its modulus is larger than a chosen threshold, for

example at the major velocity discontinuities. In this way, it can better delineate the
shape of geological bodies, such as reefs and sand lenses.

Delaunay triangles and Voronoi polygons

The voxel shape for the tomographic grids is totally arbitrary. In principle, there are
no mathematical reasons for avoiding concave shapes or even more complex

topologies, and for preferring a homogeneous resolution in the model. Regular grids

(e.g. composed of parallelepipeds or regular tetrahedra) are generally preferred
because they simplify the bookkeeping in ray-tracing codes embedded in the inversion

procedure. However, the velocity field for the ray tracing and the tomographic

inversion may be parametrized by, for example, bicubic splines or triangular cells with
linear gradients (Chapman and Pratt 1992).

Unfortunately, the price paid for programming ease is quite high. First, we cannot
approximate even simple structures such as a dipping plane or a smooth curved

interface by using parallelepipeds or other regular polyhedra. A uniform resolution in

a regular grid does not match most geological structures. The ray distribution is
generally uneven, because the velocity anomalies bend their paths; also, sources and

receivers are very rarely regularly distributed. Finally, the resolution of a band-limited

signal, bounded by the Fresnel volume, varies in space along its raypath (Cerveny and
Soares 1992). When also allowing for anelastic absorption, the irregularity of the local

resolution increases further (Galuppo, BoÈhm and Vesnaver 1998).

Two possible ways of defining a continuous velocity field in 3D by a few parameters
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are either with a set of basis functions (e.g. sinusoids) or by interpolating a set of

known values. We preferred the second way because it is more intuitive geologically;

also, it allows a direct comparison or integration of tomographic velocities with those
from sonic logs, well shooting, refraction statics, migration scans and stacking velocity

spectra. Among the infinite number of possible classes of irregular grids, we looked for

those which are more amenable to tomographic inversion. In blocky media composed
of homogeneous subdomains, the velocity field is described by a finite number of

parameters. This is a basic requisite for traveltime inversion, since the number of

available measurements (and equations) is limited.
Once we decide to adopt an irregular grid, the possible choices are infinite. This is a

further ambiguity of tomographic inversion, which is not often considered. Even if a

given grid provides a tomographic estimate which is unique, many other grids (similar
or not) may provide equivalent results. For example, a homogeneous area could be

split and represented by different polygons. We call this phenomenon `geometrical

ambiguity' to distinguish it from the `mathematical ambiguity' due to the null space.
Of course, these two ambiguity types generally coexist. Within this type of ambiguity,

we consider the simplest possible grids to be optimal, i.e. those minimizing the

number of parameters.
Let us consider a velocity function defined only by a finite number of reference

points scattered randomly, e.g. in a plane (Fig. 1). The simplest interpolation for this

function is to attribute to the other points in space the known value at their nearest
reference point. In this way, a homogeneous domain is defined around each reference

point, with boundaries depending on its nearest reference points. Each domain

around a reference point is a Voronoi polygon and it contains the set of points for
which that is the closest reference point. The boundaries of all such polygons form the

so-called Voronoi diagram (see, e.g., Preparata and Shamos 1985).
There is another way of applying the concept of nearest neighbour to the random

points just considered. We can select three reference points in the set, such that for

Figure 1. A few reference points define some Voronoi polygons.
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each of them the other two are the nearest neighbours. By joining these points, we

obtain a triangle: by doing this for all reference points, we obtain a grid composed of

so-called Delaunay triangles (Fig. 2). In principle, we have to compute (N ± 1)N/2
distances, where N is the number of reference points, and to sort subsets of distance

tables composed of (N ± 1) elements (i.e. the other reference points).

Although their definitions are independent, Delaunay triangles and Voronoi
polygons are closely related. The algorithm for constructing Voronoi polygons is

very simple, if the Delaunay triangles for a set of reference points are already

computed: we simply have to draw the medians for all segments composing the
Delaunay triangles. The intersections of the medians are the possible vertices of the

Voronoi polygons. Joining them around each reference point limits the smallest convex

polygon (Fig. 2).
We note that regular pixels are a particular case of Voronoi polygons. When a grid is

composed of squares, rectangles, equilateral triangles or hexagons, the reference

points for the Voronoi diagram are the pixel barycentres.

Resolution versus reliability

In seismic tomography, geological bodies are revealed by their relative velocity
contrasts. A high resolution is necessary for two different reasons. The first is obvious:

it allows us to `see' smaller objects. However, we must always consider the physical

resolution limits of the seismic experiment which produced the traveltimes. We cannot
actually distinguish objects that are smaller than the first Fresnel zone, which in turn is

related to the wavelength. It is meaningless to boost the `mathematical' resolution

beyond these limits (see, e.g., Williamson 1991; Woodward 1992; Williamson and
Worthington 1993; Quan and Harris 1997; Galuppo et al. 1998).

A second reason for seeking a higher resolution may be related to the grid type.

Figure 2. The reference points of Fig. 1 define some Delaunay triangles (thick lines), which are
related to the Voronoi polygons (thin lines).
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When choosing a regular grid, we may have to fit dipping or curved interfaces by

rectangles or parallelepipeds: these approximations are not too crude if the size of the

grid interval is very small. However, the price paid is high, not only in terms of
computing cost, but also in terms of inversion instability and ambiguity. The latter

factors may be mitigated by a spatial smoothing, which nevertheless blurs the

tomographic image.
Figure 3 is a block diagram for an automatic regridding method which attempts to

balance the local resolution with available raypaths. The inversion iterations flow along

two main loops. On the left, we add new pixels (i.e. reference points) in the areas
where the size of the velocity gradient exceeds a given threshold or remove some

where the velocity is nearly constant. On the right, we remove the pixels where the

local reliability or the physical resolution is too low, and add new ones in the other
cases. We measure the local reliability by the null space energy (Vesnaver 1994,

1996a), which is defined in the Appendix.

The adaptive inversion may start with any grid, e.g. a regular one. Figure 4 shows a
simple 2D model, composed of two homogeneous layers with a dipping interface, and

Figure 3. Block diagram of the proposed adaptive regridding.
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an anomalous body with a curved upper boundary. The layer velocities are,

respectively, 1500 and 3000 m/s and 4800 m/s in the central hemispherical anomaly.

We placed 10 receivers regularly spaced in two `wells' at both the left and right
boundaries of the model, and 11 sources at the surface: thus, we computed the

traveltimes for 220 direct arrivals. In Fig. 4, white and black dots depict receivers and
sources, respectively.

Figure 5a shows the tomographic estimates obtained by a regular 10 � 10 grid,

which is also the starting step for the grid adaptation. We compute the gradient of the
velocity field and increase or decrease the local density of the reference points if

the gradient size is larger or smaller than the chosen limits. We see that, step by step,

the pixel density increases in the area of the anomalous body and decreases in the
surrounding homogeneous background (Figs 5b±d). We also notice some artefacts

due to limited ray coverage, i.e. some smearing at the anomaly edges towards the

model edges. Such artefacts are slightly enhanced by the adaptation procedure based
on the velocity gradient alone.

In Fig. 6, we can see the effects of the right loop of the block diagram of Fig. 3, and

in particular the grid adaptation driven by the criterion of null space energy. We start
here with a much finer grid, i.e. with 40 � 40 pixels, which is dominated by null space

ambiguities. We notice immediately the poor quality of this initial image (Fig. 6a),

because many pixels are not traversed by any ray. However, when the local resolution
is reduced in the ill-constrained parts, the image contrast increases substantially.

Both criteria are necessary to balance resolution and reliability, and thus we apply

them in sequence. Figure 7 shows the images obtained after two, three and six
iterations. Further iterations would not change the last result significantly. We notice

that the final image closely resembles the true model: the high local resolution at the

Figure 4. Synthetic model composed of a velocity anomaly in a homogeneous background.
Black and white dots indicate some of the sources and receivers.
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Figure 5. Tomographic images obtained (a) with a coarse regular grid, and with some iterations of grid refinement according to the velocity
gradient only: (b) one, (c) two and (d) three iterations.
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Figure 6. Tomographic images obtained (a) with a fine regular grid, and with some iterations of grid refinement according to the null space
energy only: (b) one, (c) two and (d) three iterations.

7
3

0
G

.
B

oÈ h
m

,
P.

G
alu

ppo
an

d
A

.
V

esn
aver

q
2

0
0

0
E

u
ro

p
ean

A
sso

ciatio
n

o
f

G
eo

scien
tists

&
E

n
g
in

eers,
G

eophysical
P

rospectin
g,

4
8
,

7
2

3
±

7
4

4

 13652478, 2000, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1046/j.1365-2478.2000.00211.x by O

gs T
rieste Istituto N

azionale, W
iley O

nline L
ibrary on [31/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Figure 7. Tomographic images obtained (a) with a medium regular grid, and with some iterations of grid refinement according to both the
velocity gradient and the null space energy: (b) one, (c) two and (d) three iterations.
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anomaly boundaries allows their curvature to be fitted quite well. We also notice a

significant reduction of the smearing from the lower edges of the anomaly.

In Figs 5, 6 and 7, we chose different initial regular grids for the adaptation
procedure (i.e. 10 � 10, 40 � 40 and 20 � 20, respectively) to emphasize the

moderate dependence of the final grid on the initial one. The grid shape is initially

sensitive to the iteration number but, after a few steps, it depends mainly on the
adaptation criteria.

Voronoi polygons or Delaunay triangles?

Delaunay triangles and Voronoi polygons are closely related: we saw above that we can

draw the latter easily when the former is available. So are there reasons to prefer one

rather than the other?
When N reference points are assigned, the Voronoi diagram identifies N polygons.

The number of Delaunay triangles for the same reference points is larger, i.e. between

(N 2 2) and (3N 2 2). So, for the same set of reference points, we can expect a
higher resolution and a lower reliability using Delaunay triangles than using the

corresponding Voronoi polygons. Figure 8 shows the tomographic images obtained

using Delaunay triangles compared with the final Voronoi grids in Figs 5d, 6d and 7d.
We see that the corresponding tomographic images are poorer. There are two possible

explanations: the larger pixel number or the optimization process itself, which was

driven by the Voronoi polygons instead of the Delaunay triangles. Thus, we also
carried out a grid optimization using the Delaunay triangles directly. When reducing

the pixel number by a proper choice of thresholds, so that the resolution of the

Delaunay and Voronoi grids is comparable (Fig. 9), the image quality of the Delaunay
grids improves only slightly. Thus, the better performance of the Voronoi grids seems

directly related to the geometrical features of the Voronoi polygons.

A few causes of the inferior performance of the Delaunay triangles (and the regular
grids) can be understood by referring to Figs 10±12. We used different diagnostic

tools to compare the properties of coarse and fine regular grids (right) with those of

the Voronoi and Delaunay grids (left). In the latter case, we considered the grids in
Figs 7d and 8c, respectively.

First, we plotted the singular value curves (Fig. 10), normalized by their respective
maxima on the ordinate axis. These curves are obtained by ordering the singular

values in decreasing size, and plotting them as a function of their sequential number.

Since each grid has a different pixel number, we mapped these curves in the range
from 1 to 100 on the abscissa axis. In this way, we can appreciate the percentage of

well-constrained parameters with respect to those dominated by the null space: large

singular values indicate parameters well-constrained by the data. Comparing the two
regular grids, we see that the fraction of `good' parameters is larger for the coarse than

for the fine grid. Not surprisingly, a similar relationship occurs between the Voronoi

grid (407 pixels) and the corresponding Delaunay grid (817 pixels). However, the
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Figure 8. Tomographic images obtained
with Delaunay triangles related to the
final Voronoi grids in Figs 5, 6 and 7, i.e.
driven by (a) the velocity gradient only,
(b) null space energy only and (c) both.
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Figure 9. Tomographic images obtained
by Delaunay triangles for some of the
reference points used for Fig. 8, driven
by (a) the velocity gradient only, (b) null
space energy only and (c) both. Some
points were eliminated by choosing a
different threshold for the velocity
gradient.
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singular values reflect the global behaviour of the tomographic inversion, and so they
cannot tell us anything about the reliability of each model parameter individually.

The coefficients of the tomographic matrix are the lengths of raypaths in the pixels.

Often, numerical instabilities arise when most of them are very short. Thus, we
analysed the distribution of the ray segments in the different grids (Fig. 11). We

plotted the histograms for the length of the ray segments on the same grids as in

Fig. 10. Among the different plots, we see that the Delaunay grid has the largest
concentration of short ray segments, followed closely by the fine regular grid. This

phenomenon is clearly related to the elongated shape of the Delaunay triangles, in

contrast to the rounded Voronoi polygons. The larger width of the Voronoi histogram
reflects the wider range of ray segments it can provide with respect to the comparable

coarse regular grid. In the latter case, the largest ray segment cannot exceed the

diagonal of the typical pixel: vice versa, it can be larger in a Voronoi polygon, because
its shape may be elongated and, in some model parts, even areally extended.

In the adapted grids, the pixel area can change significantly. Therefore, a few large

pixels may cover most of the model space, and so may influence the inversion quality
much more than the smaller ones, even if they are more numerous. For this reason, we

Figure 10. Curves of the normalized singular values for different grids: (a) Voronoi, (b) coarse
regular, (c) Delaunay and (d) fine regular.
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built the frequency histograms of the null space energy in the pixels, weighted by their

area (Fig. 12): in this way, we can appreciate the spatial size of the well-constrained model

parts. We notice that in the Voronoi grid the extension of the well-constrained
model space is the best, while the fine regular grid is totally dominated by the null

space: thus, it is highly unreliable. Of course, some smoothing or regularization

condition could improve the regular grids, but is not required for the adapted grids:
thus, a correct comparison must consider non-regularized inversions. The reliability

of the coarse regular grid is comparable to that of the Delaunay grid: however, the

Delaunay grid is clearly preferable, because its resolution is double (cf. Figs 5a and
8c).

The computation of Voronoi polygons is slightly more expensive than Delaunay

triangles. However, we see from Table 1 that both grid types can be obtained quickly

Figure 11. Frequency histograms of the ray segment lengths in different grids: (a) Voronoi, (b)
coarse regular, (c) Delaunay and (d) fine regular.
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for the relevant pixel numbers. We also notice that the CPU time increases nearly

linearly with the pixel number. The CPU time is measured for a dedicated Unix
workstation with a computing power of 38 Mflops. We note that the developed

software allows not only drawing of grids, but also the setting up of data structures for

tracing rays within them. The CPU times in Table 1 include this task.
The total CPU time for a tomographic inversion using an adapted grid is slightly

higher than that using a comparable regular grid. Since we used a solver for sparse

linear systems in the tomographic inversion, the computing effort is proportional to
the number of ray segments, which depends (roughly linearly) on the grid resolution.

Figure 12. Frequency histograms of the null space energy in the pixels, weighted by their area,
for different grids: (a) Voronoi, (b) coarse regular, (c) Delaunay and (d) fine regular.
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However, most of the effort is not spent in the inversion of the tomographic matrix or

in the grid update, but in the ray tracing. Since the latter procedure is non-linear, we
have to retrace the rays at each model update. Thus, the CPU time for an adaptive

grid inversion exceeds that for a regular grid by a factor equal to or greater than the

iteration number. This figure is higher when the null space energy criterion is used,
since a new SVD analysis is also performed at each step. Such analysis is quite

expensive, but it benefits considerably from the parameter reduction due to the

adaptation procedure.
Even if the total CPU time for the adaptive tomography depends strongly on the

model size and velocity changes, our implementation requires a few minutes only on
the workstation mentioned above for most 2D profiles, and a few hours for large 3D

surveys.

Application to the SEG/EAEG salt model

We tested the proposed approach using a well-known 3D model, i.e. the SEG/EAGE

salt model (see, e.g., Aminzadeh, Brac and Kunz 1997). In fact, we simplified it
slightly (Fig. 13), since the ray-tracing algorithm we adopted (Vesnaver 1993, 1996b;

BoÈhm, Rossi and Vesnaver 1999) cannot handle too complex a fault system at present.

We computed traveltimes for a 3D survey, simulating a ship towing three streamers
with 9 receivers each, with a total number of 11 shot lines (Fig. 14). Since we traced

the rays of reflected arrivals from five layers, the total number of traveltimes we used
for the reflection tomography experiment was 16 335. We also jointly inverted the

direct transmitted arrivals in two wells, placed across the salt body, where we

simulated 10 receivers for each well: thus, we received 5940 arrivals from both wells.
The total traveltime number we used was 22 275.

Figure 15 shows the tomographic image obtained with regular grids at the fifth and

sixth layers. The grid dimensions are 11 � 11 and 16 � 16, respectively. We chose
these dimensions for a proper comparison with the adapted grids. The images are

poorer than those obtained with the adaptive grid (Fig. 16), where we used both the

velocity gradient and the null space energy to drive the adaptation. The number of

Table 1. Examples of CPU times for computing
Delaunay and Voronoi grids.

Algorithm Number of pixels CPU time (s)

Delaunay 1000 0.7
Delaunay 10 000 6.7
Delaunay 20 000 12.5
Voronoi 1000 0.8
Voronoi 10 000 7.8
Voronoi 20 000 13.9
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pixels is 128 and 264 for the adapted grid in the two layers, which is very close to the

regular grid resolution, i.e. 121 and 256.
In our 3D implementation, the voxels have vertical walls whose projection on to the

layer interfaces are Voronoi polygons or Delaunay triangles (see also BoÈhm et al.
1999). The null space energy depends on all ray segments, so it is computed for the
model as a whole, but it is used separately layer by layer in a 2D manner. We do the

same when applying the other criterion, i.e. the velocity gradient. In fact, we allow for

lateral variations only within a layer, since the vertical variations are not well-
constrained by conventional surface data, i.e. those more commonly available (see,

e.g., Bishop et al. 1985).

Conclusions

Delaunay triangles and Voronoi polygons allow us to define efficient algorithms for
adapting the tomographic grid to available raypaths and to the estimated velocity

anomalies in sequence. In this way, we can increase the local resolution without
compromising the reliability of the tomographic image, by an automatic trade-off.

Unlike conventional regular grids, this technique can reconstruct the boundaries of

complex irregular bodies with a limited set of parameters.
The software implementation and the management of Delaunay triangles is simpler

than that of Voronoi polygons, but their use in seismic tomography shows a poorer

performance. This depends on the smaller percentage of short ray segments usually
intercepted by the Voronoi polygons, due to their rounded shape. Short segments

introduce small coefficients in the tomographic system, making its inversion less

stable.

Figure 13. 3D view of the simplified EAEG/SEG salt model.
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Figure 14. Plan view of the simulated 3D survey in the EAEG/SEG salt model (left), with a horizontal section across the salt formation in
the fifth layer (right).
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Figure 15. Tomographic images of the fifth layer (left) and sixth layer (right) in the EAEG/SEG salt model, obtained by a fine regular grid.

3
D

ad
aptiv

e
tom

ography
7

4
1

q
2

0
0

0
E

u
ro

p
ean

A
sso

ciatio
n

o
f

G
eo

scien
tists

&
E

n
g
in

eers,
G

eophysical
P

rospectin
g,

4
8
,

7
2

3
±

7
4

4

 13652478, 2000, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1046/j.1365-2478.2000.00211.x by O

gs T
rieste Istituto N

azionale, W
iley O

nline L
ibrary on [31/10/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Figure 16. Tomographic images of the fifth layer (left) and sixth layer (right) in the EAEG/SEG salt model, obtained by an adaptive grid
driven by both the velocity gradient and the null space energy.
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The application of this approach to the EAEG/SEG salt model shows that this

method can be used for fairly complex 3D structures in a cost-effective way.
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Appendix

The null space energy

In linearized inversion, the vector t of picked traveltimes is related to the vector u of

the unknown slowness in the model space by a simple expression,

Au � t; �A1�
where the elements of the tomographic matrix A depend on the raypaths only. This

matrix can be decomposed into singular values,

A � UWVT; �A2�
where U and W are orthonormal matrices and W is a diagonal matrix, whose elements
are the singular values. Those singular values which are zero or smaller than a given

threshold indicate the subset of model parameters not adequately constrained by the

data. We define the null space energy ei in the ith model pixel as follows:

ei � Sjv
2
ij ; �A3�

where the summation is carried out for all indices j related to singular values that are
less than a chosen threshold, and vij are the elements of matrix V in (A2). The values

of the null space energy lie between 0 and 1. We define the local reliability as

(1 2 ei): in this way, the reliability is maximum where the potential contribution of the
null space is minimum. This definition is not related to possible errors in the picked

traveltimes, since it depends on the raypath distribution in the tomographic grid only.

However, BoÈhm and Vesnaver (1999) showed that the proposed approach also
increases the inversion robustness with respect to this type of noise.
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